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ABSTRACT 

In  a  shallow  water  ocean  environment,  the  range-dependent  variation  of  the  geoacous¬ 
tic  properties  of  the  seabed  is  one  of  the  crucial  fact(»s  affecting  sound  propagation.  Since 
the  local  modes  of  propagation  depend  on  the  spatial  changes  in  the  bottom  s^iments,  the 
local  eigenvalues  of  these  modes  are  useful  as  toc^s  for  exanuning  the  range  depemlence  d* 
the  sediment  properties.  In  older  to  extract  the  local  eigenvalues  from  measurements  of  the 
pressure  field  in  a  laterally  inbcmiogeneous  waveguide,  the  zero-txder  asymptotic  Hankel 
transform  with  a  short  sliding  window  is  utilized.  The  local  peak  positions  in  the  output 
spectra  differ  from  the  local  eigenvalues  due  to  both  the  range  variation  of  the  local  modes 
and  the  interference  of  adjacent  modes.  The  departure  due  to  the  former  factor  is  evaluated 
analytically  by  using  the  stationary  phase  method.  In  order  to  reduce  the  error  induced  by 
the  latter  factor,  mode  filtering  is  utilized  by  inccvporating  data  frran  a  fixed  vertical  array 
ctf  receivers. 

The  use  of  the  above  zero-<M'der  Hankel  transftxm  in  a  three-dimensicxially  varying 
waveguide  results  in  an  underestimate  of  the  local  eigenvalues  due  to  the  effect  of  horizon¬ 
tal  refraction.  Thus  a  general  asymptotic  Hankel  transfcnm  with  a  2-D  sliding  window  is 
used  to  ccvrect  for  the  underestimate  amount  By  expanding  the  latter  transform  with 
respect  to  the  azimuthal  angle,  it  can  also  be  shown  tlrat  the  first  term  in  the  Taylor  series 
corresponds  to  the  fcxmer  transform;  the  rest  of  the  teims  account  for  the  value  difference 
between  the  underestimated  and  actual  local  eigenvalues. 

In  c»der  to  obtain  the  spatial  variation  of  the  sediment  properties  from  the  range- 
dependent  variaticm  of  the  extracted  local  eigenvalues,  the  analytical  relatitmship  between 
these  two  variaticms  is  derived  by  using  a  perturbation  method  in  a  hcxizontally  varying, 
multi-layered  bottcmi  model.  Upon  use  of  the  n^-linear  profile  in  each  layer,  the  relation - 
^p  can  obtained  in  closed  fcHm.  As  a  result,  the  range  variation  of  the  local  eigen¬ 
values  may  be  separated  into  terms  that  depend  cm  each  geoacoustic  parameter.  Based  on 
this  relaticm,  an  inversion  method  for  determining  the  range-dependent  geoacoustic 
parameters  is  developed. 

The  methods  develcq^ed  in  this  thesis  are  applied  to  simulated  pressure  field  data  as 
well  as  experimental  field  data.  It  is  shown  that  the  evolution  with  range  of  the  local  mcxles 
as  well  as  the  range-dependent  geoacoustic  properties  can  be  successfully  estimated. 

Thesis  Supervisor  Dr.  George  V.  Frisk,  Senior  Scientist,  Wcxxls  Hole  Oceanographic 
Institution 
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Chapter  1 
Introduction 


LI  Bad^ground 

In  ocean  aoousticst  it  is  well  known  that  the  geoacoustic  prcq>enies  of  the  seabed  play 
an  Laportant  tide  and  in  shallow  water  especially  become  a  crucial  factor  affecting  sound 
propagation  in  die  oceanic  wavegmde  Thus  knowledge  of  dtese  geoacoustic 

properties  is  essential  not  only  for  acoustic  analysis  of  phenomena  in  the  ocean  but  also 
for  die  design  of  sonar  instnwnentatitm. 

A  number  of  studies  have  been  earned  out  theoiedcally  and  experimentally  to 
incorporate  the  effect  of  bottom  interaction  <m  die  acoustic  pressure  field  in  the  water 
column  («.g..  Refs.  4-16).  In  the  case  of  the  deep  ocean,  the  plane  wave  reflection 
coefficient  of  the  bottom  is  useful  for  characterizing  the  acoustic  features  of  die  seabed, 
yinrft  bottom-intetacting  sound  can  be  isolated  and  interpreted  in  terms  of  individual 
plane  wave  interactions  [17-21].  On  the  other  hand,  in  shallow  water,  the  reflection 
coefficient  is  less  i^ipropiiate,  because  the  measured  field  is  constructed  of  many  bottom¬ 
interacting,  multipath  arrivals,  and  individual  bottom  interactitxis  cannot  be  readily 

In  fact,  the  reflection  coefficient  and  the  depth-dependent  Green's  function 
are  nonlineaxly  related  in  shallow  water,  which  leads  to  an  ill-posed  problem  for 
determining  the  reflectitm  coefficient  from  the  measured  field  [22,23].  Thus,  instead  of 
iiwng  the  reflection  coefficient,  we  utilize  the  nonnal  modes  of  propagatkm,  which  are 
synthesized  from  the  multipath  arrivals,  to  characterize  the  effect  of  the  bottom  on  sound 
pn^gatitm  in  shallow  water. 

In  general,  normal  modes  can  be  detected  by  using  vertical  or  horizontal  array  [9,22- 
33].  In  a  horizontally  stratified  waveguide,  the  modal  eigenvalues  can  be  estimated 
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accurately  finc»n  the  peaks  in  the  FFT  beam-fonned  output  of  a  horizontal  anay,  which  is 
an  approximation  to  the  zero-order  Hankel  transform  reladcmship  between  the  spatial  pan 
of  the  pressure  field  and  the  depth-dependent  Green's  fui^on  [22]. 

When  the  sediment  properties  vary  ntx  <»ly  vertically  but  also  horizontally,  the 
modal  eigenvalues  are  accordingly  subject  to  change  with  range.  This  phenomenon  has 
been  confirmed  in  some  measured  data  from  Nantucket  Sound  (Figure  1-1)  [30].  liisk  et 
aL  [30]  showed  that  the  splitting  of  modal  spectral  peaks  suggests  the  presence  two 
different  bottom  sound  speed  profiles  (Figure  1-2X  which  may  be  associated  with 
difierent  seabed  parameters  over  the  surveyed  range;  the  lateral  inhomogeneity  of  this 
region  is  assumed  to  consist  of  two  different  range-independent  portions  in  order  to  apply 
the  modal  inverse  method.  This  observation,  however,  suggests  that  the  information 
contained  in  the  range-dependent  evolution  of  the  local  modes  can  provide  a  clue  to 
resolving  the  spatial  change  of  the  bottom  environment  in  a  continuous  maimer  [32]. 


I  J  I 
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Figure  1-1:  Experimental  configuration  for  the  Nantucket  Sound  experiment 
(from  Ref.  30). 
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Figure  1-2:  Splitting  of  modal  spectral  peaks  observed  in  the  Nantucket  Sound 
experimental  data.  This  is  compared  to  the  Green's  function  obtained  by  applying 
the  IFH*  to  the  theoretical  pressure  fields  (from  Ref.  30). 
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As  an  approach  for  estimating  die  local  modes,  irony's  method  was  applied  to  a 
laterally  varying  shallow  water  waveguide  by  Diemer  [33].  This  method  is  one  of  several 
nonlinear  spectral  estimation  methods  developed  in  the  last  decade.  The  ^iplication  of 
Aooy's  method  was  successful  to  some  degree  with  simulated  data,  but  had  only  limited 
success  with  experimental  data. 

In  this  diesis,  instead  of  employing  a  nonlinear  spectral  estimation  method,  a  mode 
separation  technique  is  used  as  a  pre-processing  method  for  the  effective  use  die 
Hankel  transform  with  a  short  sliding  window,  which  is  relatively  robust  to  noise.  Thus 
the  first  half  of  this  diesis  is  devoted  to  developing  a  method  fcv  estimating  local  modes 
fiom  die  pressure  field  in  a  shallow  water  environment  having  a  weakly  range-dependent 
seabed.  Then  the  range-dependent  evolution  of  the  local  modes  will  be  analyzed  to 
characterize  the  acoustic  features  of  the  waveguide. 

Chice  the  local  modes  are  accurately  estimated,  the  next  objective  is  to  obtain  the 
spatial  variation  of  the  sediment  properties  fixmi  the  range-dependent  variatitm  of  these 
local  modes.  Namely,  the  sediment  properties  are  obtained  as  a  solution  of  this  type  of 
inverse  problem.  Here  it  would  be  worthwhile  to  review  some  of  die  existing  inverse 
methods  [34-Sl]. 

The  iteration  of  forward  models  method  [34-36]  calculates  the  pressure  field  by 
using  a  numerical  model  that  changes  the  geoacoustic  parameters  repeatedly  until  it  best 
fits  the  measured  pressure  field.  Although  the  performance  of  this  method  depends  oa 
the  ability  of  the  numerical  model  to  simulate  the  field,  this  method  is  effective  to 
implement  on  real  experimental  data  because  the  results  are  generally  stable  with  respect 
to  noise.  One  of  the  problems  widi  this  method  has  to  do  with  distinguishing  local 
minima  from  global  minimum  associated  with  the  best-fit  solution.  This  uniqueness  issue 
becomes  significant,  when  the  number  of  geoamustic  parameters  to  be  determined 
increases.  In  order  to  cope  with  dus  higher-dimensional  problem,  the  simulated 
annealing  method  [37-40],  which  is  also  categorized  as  an  iteration  of  forward  models 
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method,  is  useful  and  has  been  ^>plied  leoendy  to  the  measured  data  at  Qxpus  Quisti 
[40].  This  method  is  a  Monte  Caxlo  opdnuzadon  procedure  diat  numerically  imitates  dm 
cooling  process  associated  with  crystal  fonnadon  and  has  become  operadonal  practically 
with  die  development  of  high-speed  computers.  However,  dieae  iteration  of  forward 
models  methods  are  computationally  intensive  and  time-coosuming  as  compared  to  other 
mediods. 

In  contrast,  analytic  inverse  methods  do  not  repeatedly  solve  a  forward  problem. 
Radier,  they  try  to  sdve  a  FMholm  integral  equation  of  the  first  kind,  which  arises  in 
different  forms,  depending  on  die  quanddes  used  for  the  input  and  ouqiut  data  [4M3]. 

In  exact  mediods  [44],  this  integral  equation  may  be  solved  by  resorting  to  die  trace 
method  [45]  or  the  Gelfand-Levitan  method  [46],  which  was  originally  developed  for 
inverting  the  SchrOdinger  equation  [47]  for  the  potential  in  quantum  mechanics.  These 
methods  do  not  require  an  qiproximaticm  in  the  initial  stage,  so  no  initial  assumptions 
such  as  a  background  inodelftr  the  geoacoustic  parameters  are  required.  Butdi^do 
involve  difficulties  in  ippUcation  to  real  data. 

On  the  other  hand,  perturbative  invenitm  methods  [48-51]  linearize  the  Redholm 
integral  equation  around  an  initially  assumed  background  model,  usually  based  on  die 
Born  approximation  [47].  Then  the  problem  becomes  tractable,  and  results  established  in 
linear  inverse  dieory  can  be  applied.  Thus  these  perturbative  inversion  mediods  have 
been  successfully  expldted  to  determine  geoacoustic  parameten  [12,2930].  Specifi¬ 
cally,  in  the  horiztmtally  stratified  case,  the  modal  eigenvalues  can  be  utilized  in  die 
perturbed  integral  equation,  and  they  are  also  robust  as  input  data  for  the  inverse  problem 
[5031]. 

hi  a  range.dependent  shallow  water  environment,  we  first  need  to  clarify  die 
relationshfy  between  die  range-dependent  modal  evolution  and  spatial  changes  in  die 
geoacoustic  properties.  To  do  diis,  we  can  expect  to  utilize  the  perturbation  approach,  hi 
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tfae  latter  half  of  this  thesis,  aa  inversion  method  for  obtaining  the  range-dependent 
geoacousdc  properties  will  be  develi^wd  cm  the  basis  of  this  relationship. 

L2  Tbeab  OutUne 

A  primary  thrust  of  my  research  is  to  develt^  a  method  for  extracting  die  local 
modes  fiom  measurements  of  the  pressure  field  in  a  laterally  varying  waveguide.  In 
addition,  coooem  must  be  naturally  extended  to  die  case  of  a  three-dimensionally  (3-D) 
varying  waveguide,  where  the  effect  of  horizmital  refracdon  has  to  be  taken  into 
consideration.  Next,  in  order  to  use  these  extracted  local  modal  eigenvalues  in 
perturbative  inversion  methods,  the  relationship  between  the  range-dependent  modal 
evolution  and  the  spatial  change  in  the  acoustic  properties  of  the  bottom  also  has  to  be 
clarified.  Baaed  on  this  analysis,  an  inversion  method  for  determining  die  range- 
dependent  geoacoustic  parameters  can  be  established.  This  diesis  deals  with  diese  two 
steps  of  the  inversion  problem  in  an  effort  to  obtain  the  local  geoacousdc  properties  in  a 
range-dependent  shallow  water  environment 

Chapter  2  reviews  the  basic  features  of  normal  mode  theory  for  a  horizontally 
stratified  waveguide  and  adiabatic  mode  tbemy  for  a  ruige-dependent  waveguide.  In 
addition,  in  order  to  cope  widi  a  3-D  varying  waveguide,  two  methods  based  on  adiabatic 
modes,  Le.,  the  Nx2D  mediod  and  the  horizontal  ray  method,  are  also  briefly  reviewed. 
The  techniques  discussed  in  this  cluster  provide  the  analytical  and  computational 
foundation  for  the  remaining  of  chapters. 

b  duqiter  3,  die  asymptotic  Hankel  transfmm  with  a  short  diding  window  is  qiplied 
to  extract  the  local  eigenvalues  fiom  measuremena  of  the  pressure  field  in  a  range- 
dependent,  but  cylindrically  symmetric,  waveguide.  A  theoretical  analysis  of  die  effect 
of  range-varying  local  eigenvalues  in  the  transform  is  presented.  In  an  attempt  to  reduce 
the  error  in  the  transform  that  is  caused  by  die  interference  of  different  modes,  mode 
filtering  is  employed  by  incorporating  data  fiom  a  fixed  vertical  array  of  receivers. 
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Chapter  4  is  devoted  to  detecting  the  local  eigenvalues  in  a  3-D  shallow  water 
environment  We  explore  die  general  asymptotic  Hankel  tiansfonn  widi  a  sliding 
window  so  dial  we  may  grasp  the  effect  of  horizontal  icfractioa.  In  particular,  diis  effect 
is  dieoredcaUy  analyzed  in  connection  with  die  error  that  oocnrs  f^ien  using  the  aeiD- 
order  asymptotic  Hankel  transforai  with  a  sliding  window  in  noo-cylindrical  symmetric 
waveguides. 

In  Ouguer  5,  die  relationship  between  the  range^iependent  variation  of  die  local 
eigenvalues  and  die  spatial  dumges  in  die  bottmn  {uoperties  is  studied  by  using  a  linear 
perturbation  mediod.  Use  of  an  n^linear  profile  in  a  multi-layered  model 

enables  us  to  express  die  above  relation  io  closed  form.  Based  on  this  relation,  the 
inversioo  for  range-dependent  geoacoustic  parameten  is  pursued. 

Chapter  6  presents  the  results  obtained  by  applying  the  asymptotic  Hankel  transform 
widi  a  sliding  window  to  eiqietimental  data.  Mode  filtering  is  also  qiplied  to  die  pressure 
field  measured  by  using  a  fixed  vertical  array  of  receivers.  Based  on  the  estimated  range 
evolution  of  the  local  modes,  we  discuss  the  range-dependence  ci  the  geoacoustic 
properties. 

In  Chapter  7,  the  conclurions  of  this  research  and  future  worit  are  presented. 
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Chapter  2 

A  Review  of  Modal  Representations  of  the  Acoustic  Field 


As  intiodiioed  in  Cluq)ta’  1.1,  nonnal  modes  are  a  useful  concept  to  i^ly  to  a 
shallow  water  envitoament  not  only  for  synthesizing  the  pressure  field  in  a  toward 
problem  but  also  fir  analyzing  the  medium  in  an  inverse  problem.  Inarangodqtendent 
envinmment,  local  modes  are  uniquely  determined  by  the  local  propenies  of  the  medium, 
including  the  bottom  sediments.  Thus  it  is  namral  to  expect  that  one  can  make  use  of 
local  modes  to  infer  the  nng^dependent  properties  of  bottom  sediments  from  measure* 
ments  of  die  i»essure  field. 

The  puipose  of  dtis  chapter  is  to  review  the  nonnal  mode  and  adiabatic  mode 
dieories  for  describing  the  acousdc  pressure  field  in  shallow  water.  The  analytical 
representadcms  for  the  pressure  fields  based  on  these  theories  are  useful  for  development 
of  die  modal  characterization  of  the  waveguide  as  well  as  the  theoretical  basis  for  an 
inverse  scheme.  The  pressure  fields  simulated  by  these  theories  wiU  also  be  used  for 
computadonal  analysis  in  die  remainder  of  diis  thesis,  hi  addition,  the  Nx2D  method  and 
die  horizontal  ray  method  are  reviewed  below.  Both  methods  are  used  in  the  simulation 
of  pressure  fields  tor  a  3*D  vaiying  waveguide  in  Chapter  4. 

Z1  Normal  motto  theory 

Nonnal  mode  dieoiy  in  underwater  acoustics  is  one  of  the  principal  methods  used  to 
provide  a  fun  wave  solution  for  sound  propagation  in  a  boriztmtany  stratified  waveguide 
and  is  weU  suited  for  shaUow  water  q^Ucations  [4,13,16,52-54]. 
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As  shown  in  Hgure  2>1,  we  set  tibe  coordinate  system  so  duu  z  is  measured  vertically 
downward  from  the  surface  and  a  point  source  is  located  at  ar,  ■  (0,0.2^);  then  die 

Helmhtdtz  equation  for  a  time-hannoaic  source  widi  unit  strengdi  is  expressed  as 


p(x)V 


+**(x)p(x)*-4«5(x-Xo)  . 


Orl) 


s^iere  p(x)  is  the  spatial  part  of  the  acoustic  pressure.  p(x)  is  the  density,  and  ^(x)  is 
die  wavenumber  defined  by  k(x)  m  a/cix)  with  sound  qieed  c(x)  and  dicular  frequency 
(0.  Here,  and  throu^iout  this  diesis,  we  assume  an  time  dependence.  Sediment 
attenuation  can  be  accommodated  by  adding  the  attenuatimi  coefficient  of  sediments. 
a(x.a)).  to  the  imaginary  pan  of  i:(x);  i.e..  kix)  ->  t(x)-f  fa(x.fi>)  [53.54]. 

When  die  medium  is  horizontally  stratified,  the  Helmholtz  equation  can  be  solved  by 
means  of  convendtmal  normal  mode  theory.  Based  on  the  separation  of  variables,  die 
solution  can  be  expressed  in  tenns  of  a  sum  over  a  set  of  eigenfunctions  u,  of  discrefB 

modes  plus  a  branch  line  integral  Ig  [55.56]: 


.  (2-2) 

Pv*o)  • 

in  which  represents  the  zero  order  Hankel  functicm  of  the  first  kind.  Here,  owing  to 

the  symmetry  of  the  pressure  field  around  the  source,  a  cylindrical  coordinate  system 
such  that  rm^jx^+y^  has  been  used. 

The  nth  mode  eigenfimc  ^cj.  i<.(z).  satisfies  the  depth  equation 


(2-3) 


together  with  the  prescribed  boundary  conditions.  The  eigenfunctions  are  normalized  so 
as  to  satisfy  the  crthonormality  condition: 


(2-4) 


wbat  is  die  fbooedcer-delta  and  the  invene  of  die  density  serves  as  a  wei^^ting 
funcdoo.  In  Eq.(2-3),  r,  stands  for  die  eignivalue  of  the  ndi  mode,  sidiich  is  dmermined 

uniquely  by  stdving  a  characteristic  equation  subject  to  die  boundary  conditions.  Physi> 
cally,  die  real  part  of  r,  is  identified  as  the  horizontal  component  of  the  wavenumber  and 

its  imaginary  part  characterizes  die  attenuatkm  rate  of  mode  energy  in  die  pn^gadon 
process. 

The  branch  line  integral,  /j,  arises  when  the  bottcmi  structure  is  terminated  with  a 
fast  isovelocity  half-space.  Since  Ig  usually  decreases  rapidly  with  range,  its  contributum 
to  die  far-field  pressure  in  Eq.(2-2)  is  often  neglected  [55,56]. 

In  this  range  of  interest,  Hg^(K,r)  can  generally  be  iqiproximated  by  its  asymptotic 

form  [57]: 

,  (2-5) 

^KK,r 

so  that  Eq.(2-2)  can  be  expressed  as 

(r,r»l)  .  (2-6) 

where  die  densi^  in  die  water  has  been  set  to  1  g/cm^  ^  pizg)~l.  This  assumpticm  will 
not  incur  a  large  error  in  shallow  water. 

As  mendcxied  before,  die  normal  mode  representation  is  applicable  only  to  the 
horizontally  stratified  waveguide.  Thus  let  us  consider  an  rqiproximate  mode  dieoiy 
qiplicable  to  range-^pendent  waveguides  in  the  next  section. 
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12  Aifiabgtic  mode  theory 

When  die  ocean  environment,  including  die  bottom  varies  gradually  in  the 

horizontal  direction,  adiabatic  mode  dieory  is  effective  in  representing  die  acoustic  field 
Thr  first  to  point  out  the  adiabatic  propagation  process  in  underwater  Kyustirs  was 
Weston  [58],  and  then  Milder  [59]  demoostiated  elegantly,  from  an  analogy  widi  classical 
mechanics,  diat  the  adiabatic  invariant  corresponds  to  the  mode  number.  In  waveguides 
ior  which  the  range-dependent  variation  is  gradual  enough  to  ^iply  mode 

theory,  die  acoustic  energy  is  tranqxMed  in  the  horizontal  direction  separately  by  non¬ 
interacting  modes  [60].  In  other  words,  die  coupling  between  different  modes  diat  is 
tPtiuced  by  the  range  variatitm  of  the  medium  has  to  be  tm^ll  enough  to  be  neglected  in 
adiabatic  mode  dieory  [59]. 

In  this  method,  we  first  assume  that  the  solution  of  the  Helmholtz  equation  in  Eq.(2- 
1)  can  be  expanded  in  terms  of  local  eigenfunctions  u.(x,y,r)  as 

.  (2-7) 

a 

where  X,(x,y)  is  an  unknown  range  function  to  be  determined  and  u,(x,y,2)  are  defined 
so  as  to  satisfy  die  following  depth  equation  [  16,61,62]: 

with  given  boundary  conditions  at  each  range.  Here,  ir,(x,y)  is  called  a  local  eigenvalue, 

which  is  a  function  of  horizontal  posititm.  In  a  manner  similar  to  convmitional  mode 
dieoty,  die  ii,(x,y,z)  satisfy  an  orthonormality  ctmdition: 

f -^j^^y-yU,(x,y,2)uJx,y.z)dz  =  d,  .  (2-9) 
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Tl»  oritoionnality  property  <rf  die  local  dgenfanctiont  provides  die  fouiMtoriw 
filieiiof  as  will  be  discussed  in  Qu^Her  3.3. 

Substituting  Eq.(2-7)  into  the  Helmholtz  equation  and  utilizing  the  orthononnality 
condition  in  Bq.0’9)  yield  a  coupled  equation  forihe  range  fimctioo  R,  [5,62].  Coupling 

lenns  iqipearing  in  diis  equation  are  induced  by  the  horizontal  variation  of  die  medium 
and  reflect  die  fact  duu  die  redistribution  of  modal  energy  evolves  in  the  propagation 
process  [60].  Due  to  the  cuirent  assumption  of  weak  range  dependence,  diere  coupling 
terms  may  be  dropped  out  of  the  coupled  equation,  yielding  a  range  equation  for  for 

each  mode: 

•  (2-10) 

sriiere  This  procedure  is  CCTnmonly  called  the  adiabatic  approadmation 

[39,61]. 

U  the  waveguide  medium  is  cylindrically  ^mmetric  around  the  source,  i.e.,  die 
horizontal  variation  of  the  medium  cmly  depends  on  the  range  from  the  source,  then  it  is 
found  immediately  from  Eq.(2-10)  that  the  pressure  field  also  depends  on  the  range  only. 
In  diis  case,  a  cylindrical  coordinate  system  is  more  manageable  to  describe  dre  range 
equation,  giving 

()V»1)  .  (2-11) 

At  diis  pcnnt,  by  exploiting  the  WKBJ  approximation  method  and  matching  the  boundary 
condition  close  to  the  source,  we  obtain  an  adiabatic  mode  solution  in  die  following  form 
[62,63]: 
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p(r.»»«o)  *  (r,r»l)  .  (2-12) 

j  f  •  V  * 

At  aeea  fiom  a  comparitoo  of  the  field  given  by  nonnal  mode  sum  in  Eq.(2-6)  and  the 
field  given  1^  adiabatic  mode  sum  in  Eq.(2-12)«  die  mijordistiiictioo  between  diem 
arises  principally  from  the  difference  in  the  |diase  factor  associated  widi  each  mode.  This 
is  also  a  factor  when  detecting  the  eigenvalue  from  die  pressure  field  in  die  inverse 
process,  u  will  be  discussed  in  Chapter  3^ 

When  the  waveguide  is  not  cylindrically  symmetric,  we  have  to  start  from  Eq.(2-10) 
to  obtain  die  pressure  field.  The  next  two  secdtms  deal  with  diis  problem. 


23  Nx2D  meChod 

In  order  to  develop  a  method  for  extracting  local  eigenvalues  in  a  3-D  varying 
environment  in  Chiyiter  4,  we  need  to  simulate  the  pressure  field  in  diis  environment;  the 
Nx2D  method  [64,65]  is  one  of  die  methods  for  realizing  it 

If  the  cylindrical  symmetry  of  the  waveguide  breaks  down,  then  Eq.C2-12)  is  no 
longer  a  solution  <rfEq.(2-10).  To  describe  the  field  correctly  in  this  3-D,  yet  adiabati- 
cally  varying  medium,  we  have  to  solve  Eq.(2-10)  or,  equivalently,  the  equation 
incorporating  the  azimuth  angle  into  Eq.(2-1 1)  such  that 


1  1  ^ig,(r,6) 

rd-v  dr  ) 


+ 


K;(r.9)J?.(r.e)— 2ii.(0,0.z,)5(r)  . 


(M3) 


But  this  is  not  so  straightforward.  Instead  of  doing  this,  die  Nx2D  mediod  tries  to  solve 
Eq.(2- 13)  by  treating  the  medium  as  if  each  medium  sliced  in  the  6  direction  were 
cylindrically  symmetric.  To  be  explicit,  die  Nx2D  method  approximates  Eq.(2-13)  by  the 
following  equatitm: 
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a-14) 


Klir,0)R,(r,0) «  - ji<,(0,0.*i)ff(r)  , 
and,  consequently,  provides  an  approximate  sdutitm  for  p(r,9.z): 

p(r, g,z,z^)  »  X 

Namely,  the  Nx2D  method  takes  into  account  the  azimudial  dependence  of  die  fidkl  when 
deriving  the  local  eigenfuncdons  in  the  first  stage,  but  neglects  die  cioss-an^  variation 
for  when  solving  the  range  equation  in  the  next  stage.  It  should  be  noted,  however, 
diat  R^  still  keeps  the  azimuthal  dependence  through  ir.(r.9)  as  an  outcome.  Thus,  die 
azimuth  angle  0  simply  plays  a  role  as  a  parameter  in  Eq.(2>  14).  This  can  also  he 
recognized  by  a  comparison  of  Eq.(2-12)  and  Eq.(2-lS). 

In  spite  of  no  direct  interaction  between  die  different  azimuth  directions,  as  indicated 
in  Eq.(2-14),  the  azimuthal  variation  of  /K^.d.z)  in  Eq.(2'>15)  produces  the  same  effect  as 
if  the  phase  focmt  were  redirected  in  a  differrat  direction  fioro  0.  Hence,  we  can  see  that 
die  effect  of  horizontal  refractitm  is  included  to  some  extent  in  Eq.(2-15),  aldioo^  it  is 
not  completely  correct 

The  Nx2D  syiproach  was  also  employed  successfully  by  Perkins  et  al.  [64]  to  apply 
the  parabolic  equation  method  to  a  3-D  varying  waveguide,  which  has  stronger  variation 
dian  diat  dealt  with  here.  He  demonstrated  the  effectiveness  this  approach  in  bodi  an 
analytical  and  numerical  manner. 

When  simulating  the  pressure  field  in  a  3-D  varying  environment  in  Chapter  4, 

Nx2D  method  will  be  compared  to  the  horizontal  ray  method,  which  is  briefly  reviewed 
in  the  next  secticm. 
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2A  Horizontal  Ray  method 

As  in  alternative  q)pioach  for  representing  the  pressure  field  in  a  3-D  vaiying 
waveguide,  one  can  employ  the  horizcmtal  ny  method.  In  diis  qjproach,  adiabatic  mode 
dieory  is  first  applied  to  the  vertical  direction  in  order  to  obtain  local  eigenfiinctioos  at 
each  rang^.  Then,  in  the  next  stage,  the  ray  method  is  utilized  in  die  horizontal  plane  to 
grasp  die  evolution  of  local  modes.  This  idea  was  originally  employed  by  Pierce  [61], 
dien  was  further  developed  in  a  more  general  manner  by  Weinberg  et  at.  [66],  by 
eiqiloiting  asymptotic  series.  To  implement  the  horizontal  ray  mediod,  die  horizontal 
variation  of  die  medium  has  to  be  small,especiallyc(mipaied  to  die  vertical  variation. 

The  advantage  of  this  qiproach  is  that  it  affords  a  clear  picture  of  the  horizontal 
refraction  for  each  mode.  In  shallow  water,  this  refiaction  is  caused  not  tmly  by 
bathymetric  change  but  also  by  the  variatiem  in  sediment  properties  and  layer  structure; 
die  degree  of  diis  refractitm  also  depends  mi  the  mode  and  frequency  of  interest  Hence, 
die  effect  of  horizcmtal  refiactiem  cannot  be  neglected  in  die  inverse  problem  for  die  3-D 
varying  bottom  environment 

U  we  confine  ourselves  to  the  zero  order  term  of  the  asymptotic  series  in  horizcmtal 
ray  theory,  the  phase  in  J?,  (■  A.e'**)  has  to  satisfy  an  eikonal  equation,  which 

subsequendy  leads  to  a  ray  equation: 


a-16) 


where  dr  is  an  increment  of  length  along  the  horizcmtal  ray  path  of  the  mh  mcxle  and  6*. 
indicates  the  direction  perpendicular  to  the  phase  firemt  ( «  cemstant)  at  the  positiem 

(zj^).  A  set  of  these  equations  clearly  indicates  that  the  horizcmtal  refractiem  of  the  mcxle 
is  characterized  by  the  spatial  variation  of  its  Icmal  eigenvalue.  Based  on  both  die  ray 
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eqoatioii  in  Eq.(2-16)  and  the  transport  equation  for  die  amplitude  A.,  die  pressure  field 
can  be  rqiresented  to  die  leading  order  as  [61,67] 


,  (2-17) 

where  the  integral  in  the  phase  term  is  taken  along  die  horizontal  ray  path  determined 

from  Eq.C2-16)  and  D,  ■  is  the  Jacobian  for  transformation  from  Cartesian 
co(»dinaies  to  ray  coordinates  (a.d) .  In  the  cylindrically  symmetric  case,  D,  «  kj  tatd 
ds  ^  dr  t  so  that  Eq.(2-17)  reduces  to  Eq.(2-12). 

The  effea  of  horizmital  refraction  on  the  inversimi  process  for  detecting  the  local 
eigenvalues  will  be  discussed  in  C3iapter  4.  Also,  the  pressure  field  in  Eq.(2-17)  will  be 
utilized  to  synthesize  the  acoustic  field  for  the  numerical  study. 

2S  Summary 

In  this  chapter,  the  basic  features  of  the  conventional  and  adiabatic  mode  theory  were 
reviewed  as  were  die  Nx2D  method  and  the  horizontal  ray  method. 

Conventional  mode  theory  is  of  considerable  utility  in  shallow  water  but  can  be 
applied  exactly  only  to  the  horizontally  stratified  case.  the  other  hand,  adiabatic  mode 

theory  can  be  applied  to  a  range-dependent  waveguide  as  long  as  the  waveguide  medium 
changes  gradually  in  the  horizontal  direction.  In  die  case  of  a  cylindrically  symmetric 
waveguide,  the  most  prmninent  difference  in  the  representatimi  of  the  pressure  field  in 
these  two  dieories  is  the  phase  factOT  associated  with  each  mode;  the  fonner  is  provided 
nmply  by  the  eigenvalue  multiplied  by  die  range,  whereas  die  latter  is  given  by  the 
integration  of  the  local  eigenvalue  with  respect  to  range. 

Both  the  Nx2D  method  and  the  horizontal  ray  method  are  designed  to  cope  with  a 
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3-D  vtrying  waveguide.  In  the  Nx2D  method,  the  waveguide  is  treated  as  if  eadi 
medium  sliced  in  the  azimuthal  directicm  were  cylindrically  symmetric;  dien,  for  each 
directkxi  one  can  make  use  of  the  results  of  the  adiabatic  mode  sum  that  is  derived  for  the 
radially  inhomogeneous  waveguide.  On  the  odter  hand,  the  horizontal  ray  mediod  can 
deal  widi  the  phase  factor  more  exactly  by  tracing  dte  modal  evolution  on  a  horizontal 
plane  after  obtaining  local  modes  at  each  range. 

The  methods  reviewed  in  this  cluster  will  jnovide  the  analytical  and  computational 
fbundaticm  in  the  remainder  of  diis  thesis. 
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Chapter  3 

Detection  of  Local  Eigenvalues  in  a  Laterally 
Inhomogeneous  Waveguide 


The  pinpose  of  Uiis  cluster  is  to  extract  At  local  eigenvalues  horn  a  given  piessuie 
field  in  a  laterally  inhomogeneous  waveguide.  Before  doing  diis,  we  will  first  review  die 
Hankel  transform,  whose  asymptotic  form  can  provide  exact  eigenvalues  of  normal 
modes  in  a  horizontally  stratified  waveguide  [16.22].  Then,  a  sliding  window  is 
introduced  into  an  asymptotic  Hankel  transfram  of  order  zero  in  order  to  cope  with  a 
laterally  inhomogeneous  waveguide.  The  effect  of  range  variation  in  die  local 
eigenvalues  on  this  transform  is  examined  in  an  analytical  maimer  in  Sectitm  3.2.  In  an 
attempt  to  improve  the  processing  in  this  tran^orm  in  a  multi-mode  environcicnt,  the 
^iplication  of  mode  filtering  is  explored  in  Section  3.3  by  incorporating  data  fiom  a  fixed 
vertical  array  of  receivers.  These  results  are  studied  in  Section  3.4  by  using  pressure 
fields  diat  are  simulated  widi  the  use  of  adiabatic  mode  theory.  Note  that  the  waveguide 
is  assumed  to  be  cylindrically  symmetric  about  the  z  axis  throughout  this  chapter.  A  non- 
cylindrically  symmetric  case  will  be  dealt  with  in  Cluster  4. 

3.1  A  review  of  the  Hankel  Transform 

In  a  horizontally  stratified  waveguide,  eigenvalues  of  normal  modes  can  be 
accurately  detected  by  an  asymptotic  Hankel  transform  of  order  zero.  In  this  section,  the 
Hankel  transform  is  first  reviewed  and  then  its  relationship  to  the  depth-<tependent 
Green's  function  is  presented  in  connection  with  the  eigenvalues  of  conventional  mode 
theory. 


To  begin  with,  we  will  take  a  twoKfimensional  (2'D}  Fourier  oansfonn  of  die  qiatial 
part  of  tbe  acoustic  pressure  p(x»y^z)  such  that 

5(t..t.;r).  r  r  .  (3-1) 

'"'bere  are  die  horizontal  components  of  the  wavenumber  and  S(k,,k/,z)  is 
fcnerally  r^ened  to  as  a  wavenumber  spectrum.  Note  that  this  qiectrum  still  reoins  its 
dependence  on  die  depth  variable  z  and,  therefore,  must  be  distinguished  fiom  die 
wavenumber  spectrum  that  is  defined  by  a  three-dimensional  (3-D)  Fourier  transform, 
vdiich  is  completely  independent  of  spatial  coordinates.  The  inverse  Fourier  transform 
associated  with  Eq.(3-1)  is  given  by 

.  (3-2) 

Here  we  may  rewrite  the  above  transform  pairs  in  terms  of  cylindrical  coordinates  in 
both  the  space  and  the  wavenumber  domains  dirough 

x^rcosB  y*rsind 

(3-3) 

k,-k,cosq>  ky-k,imq>  ' 

It  follows  diat 

g(ikr,9;0 *  p(r,0,z)e'^^^*'^^  , 

and 

P(r,e.z) * dkrK^^dV g(kr*9;z)€^"^*~*^  . 


(3-4) 

(3-5) 
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A  senenl  Hankel  transform  can  be  deduced  from  this  form,  but  in  this  du^Mer  let  us 
confine  ourselves  to  cylindrically  symmetric  fields  only.  In  Quarter  4,  we  will  discuss 
die  application  of  die  general  Hankel  transfonn  to  non-cylindrically  symmetric  fields  in 
connection  widi  bocuontal  refraction  effects. 

When  die  pressure  fieldp  is  cylindrically  symmetric,  we  can  mkep  out  of  die 


integral  with  respect  to  d,  giving 

.  (3-« 

Use  of  the  following  integral  representation  for  the  zero-order  Bessel  functimi  [57] 

”  iii^  **“‘•""<<0  (3-7) 

in  Eq.(3-6)  yields 

|(*,!i)-2*J[p(M)y,(V)rir  .  (3-8) 

or,  alternatively, 

g(.K;z)^j^pir,z)J^ik,r)rdr  ,  (3-9) 

in  which  we  have  introduced  the  new  wavenumber  spectrum  g(i^;z)  that  is  defined  by 
g(*„;z)a;;^|(k,;z)  .  (3-10) 


Eq.(3-9)  is  commtmly  called  a  zero-order  Hankel  transform  [16]. 

Likewise,  due  to  die  cylindrical  symme&y  of  g  in  the  wavenumber  domain,  Eq.(3-S) 
is  reduced  to  an  inverse  zero-order  Hankel  transform: 
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(3-n) 


The  ooqjugiie  transfonn  pain  in  Eq.CS'lO)  and  Eq.(3>l  1)  e:shibU  diat  the  Hankel 
transfonn  and  its  inverse  have  die  same  form,  b  is  also  observed  that  both  p(r,z)  and 
i(k,;z)  become  even  functions  in  terms  of  r  and  A,,  respectively,  since 

function. 

The  transform  pairs  described  above  can  also  be  expressed  using  die  Hankel 
function.  To  do  this,  the  following  identity  [57]  is  substituted  into  Eq.O-l  1): 

■^.(V)“5[W.''’(V-)+ «“(*/)]  .  (3-12) 

yielding 

Letting  in  the  second  integral  leads  to 

p(r.r)-ij['*(t,:r)H,'"(*/)*,<a,+|jf .  (3-14) 

Using  g($;z)  *  g(-$;z)  and  [57]  in  the  second  integral  in  Eq.(3- 

14)  results  in 

/>(M)=5£«(*,;»)«?’(WMtr  (<->0)  .  (3-15) 

As  detailed  in  Ref.  23,  this  representation  is  valid  only  for  r  >  0.  bi  the  same  matmer,  we 
can  obtain  the  conjugate  transform: 
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(3-l«) 


Iftibeol  mticm  imfecoaespoods  10  A;r»l.dien  wt  can  employ  die  a^mplotic 
fonn  of  die  Hankel  functioo  [37]  in  Eq.(3>15}  and  Eq.(3-16): 


ml/ 


(3-17) 


(3-18) 


Therefore  a  pair  of  asymptotic  Hankel  transforms  can  be  expressed  as 

.  (3-19) 

-<«/4  _  ^ 

.  (3-20) 


These  integral  forms  enable  us  to  utilize  the  Fast  Fourier  Transfonn  (FFT),  which  is 
useful  when  numerically  evaluating  the  integrals  in  Eq.(3-19)  and  Eq.(3*20).  Equation 
(3.19)  is  the  basis  of  Fast  Held  Hograms  (FFP)  for  computing  the  sound  field  [68,69] 

In  Older  to  use  Eq.(3-20),  the  only  assumption  we  have  made  about  p(jra)  is  diat  it 
be  cylindiically  symmetric.  Hence,  even  in  a  lateraUy  inhomogeneous  waveguide, 
g(A;;r)  can  be  deariy  define^l.  by  applying  die  above  asymptotic  Hankel  transform 
(Eq.(3-20))  to  the  pressure  field  in  this  waveguide,  as  long  as  the  field  is  cylindiically 
symmetric. 

Here  it  is  of  particular  interest  to  examine  the  wavenumber  spectrum  g(k,;  z)  in 
Eq.O-TO)  for  the  case  of  a  horizontally  stratified  waveguide. 
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3X1  Tlie  horizontally  stratified  case 

At  this  {KWt,  let  us  demonstraie  that  g(k/,z)  given  by  Eq.(3<20)  contqxxtds  to  a 
dq>th-dq)endent  Green's  function  if,  and  <»ly  if.  p{r,z)  is  the  pressure  field  oteained  in  a 
horizontally  stratified  mediuin  [16].  hi  diat  case,  p(r,z)  satisfies  die  inhomogeneous 
ifelmholtz  equation  described  in  terms  ai  cylindrical  coordinates  as 

— 4»^«(z-«,)  .  (3-21) 

By  qiplying  the  zero>order  Hankel  transfonn  curator  j^J^(.k,r)r  to  both  sides  of 
Eq.(3-21)  and  employing  die  following  relation  in  the  first  term 

,  0-22) 

we  obtain 

where  the  spectrum  g  defined  in  Eq.(3-10)  has  again  been  used  instead  of  |. 

For  a  fixed  value  of  die  wavenumber  1,,  the  spectrum  g(k,;z)  is  the  stdution  which 

satisfies  the  difierendal  equadon  for  a  point  source  (Eq.(3>23)),  subject  to  properly  posed 
boundary  cnMitiftns  Therefore,  g(k/,z)  is  called  a  depth-dependent  Green's  function 
and  is  conventionally  expressed  by  g(l/.z.Zo)  ^  emphasize  its  dependence  on  the  source 
dqith  ^  as  well. 
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Oo»  f(A;;z.<,)  is  obtained  by  solving  Eq.(3>23),  we  can  construct  die  pressure  field 
by  sttbsdtutiof  g(A;;z»i^)  intoEq.O>ll).  This  integral  iq»esentation  can  also  be 
oansfonned  into  the  modal  iqnesentatioo  in  Eq.C2*2)  by  using  Cauchy's  residue  dieorem. 
TDdodiis,weallow  ft,  lo  become  complex  and  defonn  the  integratioo  padi  in  the 
oomidex-ft;  plmie  so  as  to  enclose  die  pedes  of  the  Green's  funedoo  f(ft,;z.s«),  which 
conespood  to  die  eigenvalues  of  die  discrete  modes.  Owing  to  Cauchy's  residue  dieorem 
PO],  die  integral  in  Eq.C3>15)  becomes  a  sum  of  residue  contributions,  each  of  t^bich  is 
expressed  u  a  modal  eigenfimetioo.  Furtbennore,  if  a  branch  cut  exists,  then  a 
oontrilmtioo  fiom  the  integral  around  the  branch  cut  must  be  added.  As  a  result,  die 
pressure  field  can  be  expressed  as  a  sum  ttf  discrete  modes  plus  a  branch  line  integral  as 
given  by  Eq.(2-2)  in  Chapter  2.1  [16,52,53,35]. 

Conversely,  let  us  i^ply  the  asymptotic  Hankel  transform  to  the  pressure  &ld 
p(r,z)  that  was  synthesiaed  in  Eq.(2<6)  for  1/  » 1,  as  explained  in  Chapter  2.1.  When 
p(r,z)  is  obtained  over  a  finite  range  (0<r<R},  as  is  the  case  in  actual  experiments,  the 
asymptotic  Hankel  transform  in  Eq.(3>20)  has  to  be  computed  over  a  finite  r^ierture  R: 

r,2)-Jre^dr  .  (3-24) 

Equivalendy,  by  using  a  window  functitm  W/,(r)  that  is  defined  as 

^  ^  ri  (O^r^R) 

-'*‘'>■{0  (r<0.«<r)  • 

Eq.(3-24)  can  be  rewritten  as 

mm 

f(ftrU)-'-g^Lw,(r)p(r,z)Vr«"^<ir  .  (3-26) 
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SnlMtitutinf  die  piessuie  field  fiven  by  Eq.Q-d)  into  Eq.(3-24)  end  changing  die  onkr  of 

the  Fourier  integratioo  and  die  mode  to 

/ 

gik,ix,x^) - f .  (3-27) 

By  executing  die  integral,  Eq.(3-27)  results  in 

This  result  shows  that  die  Green's  function  has  peaks  atk,^k^(m  Refr.Bt  f-e..  the  real 

part  of  the  mode  eigenvalues,  which  are,  ht^ver,  finite  in  width  and  amplitude.  Hiis  is 
due  to  the  effects  of  die  finite  aperture  R  and  the  modal  attenuation  ■  lm(r,].  The 

amplitudes  are  also  juoportional  to  the  values  of  die  eigenfunctions  at  the  source  and 
receiver  depdis.  Thus  one  can  accurately  determine  the  eigenvalues  of  die  normal  modes 
from  die  FFT  beamformed  ouQiut  of  a  finite-aperture  horizontal  amy,  as  long  as  die 
source  and  receiver  dqidis  are  not  close  to  the  null  of  modes  and  die  eigenvalues  of 
adjacent  of  modes  are  not  too  close.  The  equivalent  result  can  also  be  obtained  by 
qiplying  Eq.(3-26)  to  the  same  pressure  field  Eq.(2-ti),  yielding 

g(^;z,2o)-'  i(.(j,)ii.W3K(/-))*3(«-*“)*3(«^)  ,  (3-29) 

wboe  3{*)Bjrd>v^  representt  a  Fourier  traiufofmopentor  and  ♦  indicates  a 
oonvoluticm  operation. 

Thus,  in  a  horizcmtally  stratified  envircmment,  we  can  obtain  accurate  estimates  of 
modal  eigenvalues  by  identifying  peaks  in  the  wavenumber  spectrum  which  is  obtained 
by  taking  the  zero-order  asymptotic  Hankel  transform  of  the  pressure  field  (ditained  over 
a  finite  aperture. 
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3J  The  Haiikd  tnoslbrm  for  a  rai^^e^Iepaidatt  mcdiuin 

Id  foe  horizontally  atratified  case,  as  demonstrated  in  foe  previous  section,  foe  modal 
dfenvalaes  can  be  obtained  accurately  from  foe  peaks  in  foe  FFT  beamfonned  output  of 
a  finhe-aperture  horizontal  anay.  In  Rd.  30,  foisqsproadiwu  extended  to  a  weakly 
lanfeKiqtendent  case  by  discretizinf  a  laterally  kfoomogeneous  wavefuide  into  a  finite 
number  of  segments  whose  properties  are  ranfe-independent  This  scheme  may  be 
generalized  furfoer  by  introducing  foe  technique  of  dte  Short-Time  Fourier  Transform 
(STFT)  with  a  short  sliding  window  ),  in  tfokh  f  and  L  indicate  foe  center 
position  and  window  lengfo  of  foe  sliding  window,  respectively  [32,71,72].  The 
plectrum  g„(k,;f,r,r^)  is  thus  defined  below  to  obtain  foe  local  dmracter  of  foe 

wavenumber  spectrum  g(i^)  in  foe  asymptotic  Hankel  transform  in  Eq.(3-20): 


(3-30) 


The  range-varying  peaks  in  reflect  the  modal  evdution  of  foe 

waveguide.  These  peak  positions,  however,  do  not  exactly  correspond  to  foe  local 
eigenvalues  in  the  range-dependent  case  because  the  eigenvalues  do  not  remain  constant 
over  foe  range  covered  by  the  short  window.  Shortening  the  window  length  further  to 
localize  their  behavior  gives  rise  to  another  type  of  error  when  evaluating  Eq.(3-30).  This 
error  originates  from  foe  so-called  "uncertainty  principle,"  in  which  bofo  wavenumber 
and  range  cannot  be  determined  with  arbitrary  precision  [47,71,72]. 

In  ordm  to  evaluate  quantitatively  the  output  of  the  above  STFT,  let  us  utilize  the 
pressure  field  expressed  by  Eq.(2-12)  in  Chapter  2.2,  which  is  derived  from  adiabatic 
mode  foeoiy  with  the  assumption  of  a  gradually  changing  medium  in  the  lateral  direction. 

Before  proceeding,  a  remark  should  be  made  on  the  choice  of  the  coordimne  ^tem. 
Namely,  in  a  range-dependent  medium,  it  is  essendal  to  choose  a  coordinate  system  fixed 
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SUKf-ACt 


SURFACE 


r 


Hgure  3‘1:  Gecmietiy  of  the  reciprocity  relation  between  source  and  receiver  positions, 
(a)  Source  and  (b)  receiver  are  fixed  in  space. 
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ill  iptoe  for  deicfitnng  both  the  piessuie  field  and  die  eoviioainratal  panuneien  as  a 
fiactioo  of  poiiiioa.  bi  Hguie  3-l(aX  given  a  fixed  point  souioe,  die  x  axis  is  diosen  so 
as  so  pass  tlirou^  die  source  position  The  pressure  field  due  to  diis  source, 

can  be  measured  by  the  receiver  placed  at  (r.z).  In  contrast,  if  the  receiver  is 

fixed  and  die  point  source  dianges  its  position,  then  die  x  axis  is  chosen  so  u  to  pass 
dnom^  die  receiver  posidon  (0,1^).  By  virtue  of  the  rec^voci^  principle,  die  pressure 
due  to  die  source  at  (r.s)  which  is  measured  by  the  receiver  at  (0.i^)  inHgure3>l(b)is 
identical  to  die  pressure  due  to  die  source  at  (0,z«)  which  is  measured  by  the  receiver  at 
(r.z)  in  Figure  3-l(a).  Therefore,  in  either  case,  we  can  use  Eq.(2>12)  by  choosing  the 
coordinate  system  u  shown  in  Hgure  3>1. 

Substitution  of  the  pressure  field  p(r,z,ro)  ^  Eq.(2'12)  into  Eq.(3-30),  followed  by  a 
change  of  the  order  of  Fourier  integration  and  mode  summation,  yields 

.  (3-31) 

Alternatively,  rewriting  Eq.(3-31)  with  die  use  of  a  Ftnirier  operator,  £)(•)  ■  jdr  , 

yields 

(3-32) 

(3-33) 

where  g,  represents  the  spectrum  associated  with  the  nth  mode.  It  is  then  immediately 
seen  that  the  departure  of  the  peak  position  in  |g.(k.;f,z,z.)|  fitom  Re[i^(r)]  originates 
from  the  following  two  factors:  One  is  the  range  dependence  of  g.;  die  other  is  dw 


f,(*.;^z,Zo)  -  ■^^u,(0,Xf^)g,(k,Ax) 

i 

*.(*,;r.z)  «  3|Mi,(r;f )  , 
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imerference  with  die  of  the  ad|jaoent  mode  Pint,  we  will  exemine  the 

peak  diifk  dueio  the  tint  factor  then  in  Sectkxi  33  we  will  examine  die  peak  shift  due  to 
the  second  factor. 


3J.1  Peak  ahlft  due  to  ranc^  dependence  in  the  local  eicenvahie 

la  this  subsection  we  will  confine  ourselves  to  the  spectnun  f .  given  by  Eq.(3-33) 

and  examine  die  effect  of  range  dqiendence  in  die  local  eigenvalue  on  dtis  spectnun. 

Since  die  local  eigenvalues  vary  slowly  with  range  in  die  fiamework  of  adiabatic 
mode  theory,  the  phase  term  in  Eq.(3-33)  may  be  expanded  in  a  Taylor  series  around  the 
center  position  r  of  the  window.  The  expansion  to  the  fourth  order  yields 

.  (3-34) 


where  k.(r)  represents  the  real  part  of  the  local  eigenvalue,  i.e..  k,(r)  ■  Re[x;(r)],  and 

d^k  I  /d^k  I 

diis  approximation  is  valid  within  the  range  jr  -  fj «  * 

Then  substituting  Eq.(3-34)  into  Eq.(3-33)  along  with  a  new  variable  xmr-f  yields 


g.(k,;r)-'e^*^x3' 


7*^ 


(3-35) 


where  the  window  functitm  is  assumed  to  be  given  as  a  function  of  r,  /.e.,  w^(r;f) 

*  Mk(r).  In  executing  the  Fourier  transform  of  the  r-dependent  functions,  it  is 
convenient  to  integrate  with  respect  to  T  rather  than  r.  Hence,  from  die  relation  of 

fwr-r,  we  may  replace  Z{*]*jdre~^  with  where  Use 

of  this  replacement  after  dectmvolution  in  Eq.(3'3S)  yields 
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Wjjir)  e 


■  (3-36) 


Since  bodi  r.(r)  and  i^Cr.z)  vary  slowly  with  range  r  due  to  the  adiabatic  usumption, 
dieqjectrum  u  mainly  concentrated  in  a  region  dtatb  extremely  close  to 

xero  m  wavenumber.  Thus,  this  transform  behaves  in  a  manner  similar  to  Sik,)  and  is 
not  a  dominant  factor  that  causes  the  shift  of  the  peak  in  Eq.(3-36).  As  for  the  second 
Fourier  transfcnm  in  Eq.(3-36),  its  major  role  is  to  broaden  the  peak  as  expected  from  the 
result  in  dte  horizontally  stratified  case,  where  is  constant  Thus  dte  shift  in  peak 
position  in  |g,|  is  primarily  influenced  by  die  last  transform  in  Eq.(3-36),  uduch,  for 
convenience,  we  denote  by  Fo(kJ. 

In  order  to  evaluate  let  us  examine  it  by  further  decomposition  as 


Fo(k,)* 


t 


(3-37) 


s^iere 


dr  U 


fAr'fr)  and 


dr^ 


The  Fourier  transform  of  each  member  on  die 


right  hand  side  of  Eq.(3>37)  can  dien  be  evaluated  in  an  analytical  manner  and  these 
results  are  described  below. 


Tbs  Rwricr  mnsfonn  of  each  membg  in  Eq.(3-37) 

1.  The  first  transfonn  SjHj.(r»  in  Eq.(3-37)  takes  t»  a  functional  form  which  dqwnds 
on  dte  type  oi  window.  For  example,  the  rectangular  window 


(3-38) 


r 


(It|>I/2) 


yields 


and  the  Hanning  window 


0  (ltl>I/2) 


(3-39) 


(3-40) 


yields 


3.K(t)}  ■  -  Y)]*‘^j(*'  *  t)} 


(3-41) 


In  Eq.(3-41)  the  first  sidelobe  can  be  decreased  by  33  dB  as  compared  to  13  dB  in  Eq.(3- 
39)  at  the  cost  of  discarding  some  infOTmation  in  the  field  data  by  the  Hanning  taper.  In 
other  words,  the  field  data  close  to  the  edge  of  the  Hanning  window  are  weighted  weakly, 
while  die  field  data  at  the  colter  of  the  window  are  emphasized.  This  situation  is, 
however,  suitable  to  our  purpose  if  we  recall  the  fact  that  the  local  eigenvalue  at  die 
center  of  the  window,  kjr),  is  die  target  we  want  to  detect  Namely,  our  interest  lies  in 

die  peak  position  of  the  range-varying  spectrum  radrer  than  in  its  correct  shape;  therrfore 
the  Hanning  window  is  preferable  to  the  rectangular  window  in  the  current  scheme. 

2.  The  second  Fourier  transform  in  Eq.(3-37)  is  immediately  obtained  tom 

die  definition  of  the  Dirac  delta  function  [47,70],  yieUing 


(J-42) 


We  note  thet  the  local  eigenvalue  /c.(r)  is  omstant  in  Eq.(3-42)  as  kmg  as 

3.  The  third  ttansfonn  )  in  Eq.(3-37)  can  be  rewritten  as 

Use  oi  the  identity  [57] 

£■«-*'* -VJ 

in  Eq.(3-43)  gives 

3  I  2/r 

where  sgn  represents  the  sign  of  its  argument 

4.  The  last  transform  in  Eq.(3-37)  may  be  rewritten  as 


1  *^1  ^  iir 

•  ■  "t  • 

dv 

r  is  fixed. 


(3-43) 


(3-44) 


(3-45) 


(3-46) 
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mbat  the  integratioii  variable  r  has  been  changed  to  v  u  t  «  v/(-\k^f))^ .  Here  we 
notice  Aat  the  integral  in  Eq.(3-46)  is  equivalent  to  the  integral  form  defining  the  Airy 
fiincrioo[57]: 

.  (3-47) 

Thus  we  can  represent  the  integral  in  Eq.(3-46)  as  IxAiix)  with  replacement  of 
X  «  W))* .  yielding 


{-wny  u-mh) 


(3-48) 


The  results  of  our  analysis  of  the  terms  in  Items  1-4  indicate  that  the  peak  in  |F«(k,)| 
foims  near  k,~  k^(f),  primarily  due  to  Eq.(3-42)  and  the  rest  of  the  terms  serve  to  shift 
the  peak  position  or  broaden  the  peak  shape  in  the  spectrum  as  explained  below.  In  order 
to  determine  the  departure  fiom  the  convolutions  in  Eq.(3-37)  must  be  executed. 


First,  we  will  convolve  3^i(T))  and  3,{e****‘^***}  in  Eq.(3-37).  As  shown  above, 
3^i,(f)}  for  the  rectangular  and  Hanning  tmndows  are  given  by  Eq.(3-39)  and  Eq.(3-41), 
respectively;  is  given  by  Eq.(3-48)  using  the  Airy  function.  To  facilitate 

tile  expression,  let  3^{,(‘^))  be  denoted  by  W{Lk,),  in  which  the  window  lengdi  L  plays 


tiie  role  of  making  the  argument  dimensionless,  as  seen  in  Eq.(3-39)  and  Eq.(3-41).  In  a 
similar  fashion,  in  Eq.(3-48)  has  the  dimension  of  length,  so  that  denoting  it 

as  /  represents  the  right-hand  side  of  this  equation  as  2xtM{ik,).  Thus,  it  follows  that 


F,(it,)  *  IntMUKYWiLk,) 


(3-49) 
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or.  iltenuuively,  using  the  noodimensioiisl  psnmeten  (  ■  Ik,  and  e  ■ 

F|(c)«2jr/Ai(c)*W(eff)  .  (3-30) 

Hgure  3-2  shows  the  results  of  F,(g)  for  a  set  of  positive  e,  which  are  obtained  by 
numerically  executing  die  ctmvolution  in  Eq.(3-S0);  die  Hanning  window  given  by  Eq.(3- 
41)  is  here  used  for  W(Lk,).  In  this  figure,  F|(()  are  normalized  so  that  their  maximum 
values  take  one.  Note  diat,  fiom  the  definidons  t  ■  (-ik;^^))*^  and  e  ■  L/f.  die 
positive  e  corresponds  to  a  negative  k^r).  If  e<0,  that  is,  k^f)  >  0,  then  we  may 
simply  obtain  a  symmetric  result  about  the  ordinate  in  Figure  3-2. 

As  seen  fiom  comparison  of  the  results  in  Hgure  3*2,  the  peak  position  shifts  fiom  0  to 
-1  when  1^  takes  larger  values,  which  correspond  to  |f|  <  L  or,  equivalendy,  |k;^r)|  >  2/^  • 

This  is  because  the  substantial  contributkm  to  F,(()  by  the  convolution  in  Eq.(3-S0)  occurs 
around  the  range  where  Aj(^)  takes  a  maximum,  U.,  (A/'(^)  ■  0),  since  ll'(c)  has 

a  narrow  width  for  a  large  |e|  (the  first  nulls2x/e  » InlfL).  Hgure  3-3  shows  an  example 
for  this  case,  i>.,  IF(^)  for  |£|sl6,  whose  bandwidth  is  small  ccnnpared  to  diat  of  AiiQ)  at 

-1.  In  an  extreme  case  such  as  |e|»l  or  ^  posititm  in  F|(^)  is 

located  at  c  *  ~li  that  is,  k,  •  -yi  •  This  value  corresponds  to  the  actual 

departure  fitxn  k.(f)  and  the  peak  position  shifts  to  the  positive  direction  for  kjjr)  >  0  and 
negative  for  kjjr)  <  0,  respectively. 

In  contrast,  it  is  seen  frmn  Hgure  3-2  diat  for  small  |e|,  duu  is.  |k;X^)|  <  2ll},  the 
peak  posititm  gets  close  to  zero  even  though  the  peak  widdi  broadens.  This  is  because  the 
effective  range  in  the  ctmvolution  process  bectmies  large,  so  that  the  ctmtributitm  fiom 
die  positive  and  negative  loops  in  Aj(0  for  ^  <  0  tends  to  mutually  cancel  each  odier 
out  As  an  example  of  this  case,  Il^(c)  for  i^sl  is  compared  in  Hgure  3-3  with  Ai((). 


41 


Figure  3-2:  Comparison  of  |F,(?)|  in  Eq.(3-50)  for  dilTercnt  c ,  where  g  -  kj(-  :  normalized  wavenumber, 

e  -  (-  ik"(r))^  L  :  normalized  window  length,  k, :  horizontal  wavenumber,  and  k"  ;  the  second  derivative  of  the  local 
eigenvalue. 


2.  Opnvdution  of  ^nd  f|(*,)(»  3«K(t)1  *  S^e***^^^**} ) 

Hie  next  mp  for  detennininf  F^(k,)  in  Eq.(3*37)  is  to  take  a  coovdutioo  of  F^(k,) 
in  Eq.(3>50}  and  which  is  represented  by  S(k,-  k^(h )  u  slxrem  in  Eq.(3^2). 

Bom  the  siftinf  property  in  the  Delta  function  [47,70],  it  follows  diat 

.  (3-51) 


Thusitisseendiat  (kO  inlngure3-2conespondsto  Therefore,  as  discussed 

above,  die  dqiarture  of  the  peak  positioo  from  kjir)  depends  on  both  die  window  lengdi 
L  and  |k;^f)|,  and  its  shifting  direction  is  determined  from  the  sign  of  k^r). 

3.  CoBvoluiion  of  md  f.(*,  ->.(?))  (■  SMW)  ♦ 

As  a  final  step  for  obtaining  F^ik,),  we  have  to  take  a  convolution  of  ft(k,  -  k,(f )) 
in  Eq.(3-S0)  and  ),  v^iich  is  evaluated  in  Eq.(3-45),  giving 


f.Ok,) 


(3-52) 


In  order  to  evaluate  the  above  integral,  one  may  utilize  the  method  of  stationary  phase 
[70,73]  such  that 

fix)  *  /^(c)  .  (3-53) 

where  Cl  is  a  stationary  pdnt  which  satisfies  9'(c«)  ■  0.  Accordingly,  for  Eq.(3-52)  we 
can  set  X  -  i/kjir),  qig) «  f,(C-k.(f)),  and  * ^(f  - *,)*.  Since  K(^)|  is  small 

within  the  framework  of  the  adiabatic  approximation,  lxj»l  is  satisfied.  It  is  also  found 
^'(C,)  that  Hence,  we  can  finally  obtain 
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(3-54) 


As  a  closing  lemnk.  die  qiectnim  anqilitude  |g.(it,.;r)|.  diat  is  propovdoiial  lo 
|F«(A^)|.luuapeakdiifkedfinDm  /lc.(f),andittdepaituieispriniaiily  detenninedby  die 

lelatkxiship  between  the  window  lengdi  L  and  the  second  derivative  of  die  local 
eigenvalue  k^f).  As  inoeases,  die  depaituie  firom  lr.(f )  becomes  laiger. 

Dqiending  upon  whether  k^if)  is  positive  or  negative,  the  peak  is  shifted  in  die  positive 
or  negative  diiection  in  the  waveninnber  k,,  respectively.  For  the  shift 

distance  appioaches  .  For  -*  0.  the  peak  position  qiproaches  k.(f). 

3JL1  Analysis  of  simulated  data 

By  taking  a  simple  example  of  a  single  mode  situation,  let  us  numerically 
demonstrate  that  the  depaituit  ci  the  estimated  peak  position  from  die  local  eigenvalue  is 
related  to  the  second  derivative  of  the  local  eigenvalue  and  the  length  of  the  sliding 
window,  as  discussed  above. 

fri  Older  to  facilitate  the  numerical  analysis,  we  will  initially  tpedfy  a  local 
eigenvalue  k.(r)  as  a  function  of  range  rather  than  set  up  an  ocean  environment  to 
provide  k.(r).  which  requires  solving  Eq.(2-8)  at  each  range.  Thus  we  can  specify  die 
values  of  k«(r)  and  compute  k^r)  whether  or  not  there  actually  exists  a  waveguide  for 
accommodating  this  mode.  The  solid  line  in  Figure  3^  is  chosen  for  k.(r)  sodiatithas 
a  variable  k^Xr)  with  range.  At  900  m  and  1100  m,  k^r)  has  its  greatest  magnitude  but 
opposite  sign.  Between  these  pmnts,  /(,(r)  changes  almost  lineariy  with  range  and  k*{r) 
has  its  maximum  value  in  this  range.  In  providing  diese  values  for  k.(r),  the  cubk 

Qiline  was  utOisied,  so  that  die  continuity  of  dtis  curve  is  ensured  up  to  die  second 
derivative  k^Xr)-  The  factor  discussed  in  Section  3.2.1,  can  then  be 
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qJcnliiBd;  its  sbsoluie  value  is  shown  in  Fifuie  3-4  with  a  different  scale  indicated  on 
die  ii|ht  side  of  die  figure. 

Now,  in  order  to  obtain  the  shift  of  die  peak  posidoo  in  die  spectrum  g^(k,;x)  in 
Eq.C3-33),  the  pressure  field  p(r)  hu  to  be  constructed  by  using  the  k.(r)  specified  in 

Hgure  3-4.  As  seen  from  Eq.(2-12),  die  phase  term  is  calculated  simidy  from 
JUk.CrOtfr'.  whereu  the  amplitude  requires  the  computation  of  die  local  eigenfunctioo 

Since  die  effect  of  the  range-dependent  variatioo  in  eigenfunctions  is  small  when 
compared  to  die  idutse  variation,  we  may  fix  ii^(r)  to  be  a  constant  C.  Asarestth,die 
pressure  field  is  represented  in  die  form  of  a  WKBJsolutioo  as  /-^kjr . 

Then  in  Eq.(3-33)  we  can  numerically  compute  the  STFT  of  this  p(r)  using  die 
FFT.  Hgure  3-S(a)  shows  the  range  evdudoo  of  this  output  spectrum  i^ien  using  a 
Hanning  window  widi  a  400  m  length  and  shifting  its  center  every  20  m.  Hgnie3-5(b) 
also  shows  die  result  obtained  by  using  an  800  m  length  Hanning  window;  here  the 
qiectnim  at  about  1000  m  demonstrates  that  die  STTT  processing  does  not  track  kjir) 

well  due  to  its  strong  variatioo  over  die  range  covered  by  the  800m  lengdi  window. 

In  Hgure  3-6  the  tnqectary  of  the  peak  in  the  ouqnit  qiectrum  in  Hgure  3-5(i)  is 
compared  with  die  exact  local  eigenvalue  kj^jr)  along  with  the  tnyectories  for  different 
window  lengths.  The  departure  of  these  peaks  from  the  exact  value  Ar.(r)  is  greatest  at 
about  SKX)m  and  1100m,  ndiere  has  its  largest  value.  In  addidon, Hgure  3-6 

shows  diat  the  longer  die  window  lengdi,  the  larger  the  departure  from  k,(r).  For 
comparison,  these  dqiartures  and  {\k^ryf  are  shown  together  in  Hgure  3-7.  This  figure 
indicates  that  the  direction  of  departure  coincides  with  the  sign  of  kj[r),  as  discussed 
previously. 

hi  order  to  extract  local  eigenvalues  in  a  laterally  varying  waveguide,  the  asynqitotic 
Hankel  transform  with  a  sliding  window  is  appUed  to  the  range-dependent  pressure  field. 
The  error  in  the  eigenvalue  estimation  can  be  studied  by  ^iplying  the  transform  to  die 


46 


0.54  "t — ' — ' — ' — ' — I — ' — ' — ■' — ' — I — ' — ' — ' — ' — I  ' — '  '  '  1 0.020 


( ui)  jaqujnu9ABM  ibiuozuoh 


(^  uj)  jaqujnu9ABM  lewzuoH 


47 


Rgure  3-4:  Local  eigenvalue  kjr) ;  »*  also  shown  with  a  difTerent  scale  indicated  on  the  right  side  of  the 

Tigure. 
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Figure  3-S:  Range-dependent  evolution  of  the  output  spectrum  obtained  by 
{^plying  the  STFT  with  a  sliding  Hanning  window  to  a  laterally  inhomogeneous 
pressure  field,  which  is  simulated  by  using  a  single  local  eigenvalue  shown  in 
Figure  3-4;  (a)  the  window  length=400  m  and  (b)  the  window  length=800  m. 
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Figure  3-6:  Comparison  of  the  local  eigenvalue  k^(r)  and  peak  trajectories  in  the  STFT  output  spectrum  obtained  by 
applying  different  length  (L)  Hanning  windows  to  a  laterally  inhomogeneous  pressure  field,  which  is  simulated  by 

using  a  single  local  eigenvalue  shown  in  Figure  3-4;  \tKXrf  is  also  shown  with  a  different  scale  indicated  on  the 
right  side  of  this  figure. 
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Figure  3-7:  Difference  of  local  eigenvalue  k„{r)  and  modal  peak  trajectories  in  STFT  output  spectrum  obtained  by 
applying  different  length  (L)  Hanning  windows  to  a  laterally  inhomogeneous  pressure  field,  which  is  simulated  by 

using  a  single  local  eigenvalue  shown  in  Figure  3-4;  (f  is  also  shown  with  a  different  scale  indicated  on  the 
right  side  of  this  figure. 


adiabatic  mode  field.  Fbr  a  single  mode  situatioa«  a  niunerical  analysis  confinns  dutt  the 
degree  of  the  departure  of  the  peak  posidon  6c»n  die  exact  local  eigenvalue  is  propor- 
tiooal  to  Muld-mode  effects  associated  with  the  estimation  error  in  this 

transfoim  will  be  dealt  with  in  Section  3  J. 

3J  Applicatioa  of  mode  filtering 

hi  muld-mode  environments,  the  interference  with  die  skklobes  of  adjacoit  modes 
may  indiwe  another  type  of  peak  shift  in  the  spectrum  in  addidoo  to  die  shift  due  to  die 
range-dependence  oi  the  local  eigenvalue  as  discussed  in  Section  32.  This  kind  of  duft 
can  be  reduced  by  choosing  a  premier  type  and  length  of  window,  which  depends  on  the 
difCnence  in  the  eigenvalues  for  two  adjacent  modes. 

If  the  distance  of  the  adjacent  modes  in  tte  wavenumber  domain,  however,  is  too 
small,  then  even  an  optimal  window  cannm  separate  two  adjacent  peaks  in  the  spectrum. 
To  overcome  this  difficulty,  the  separadon  of  modes  prior  to  die  STFT  is  desirable.  This 
separation  can  be  realized  by  using  mode  filtering  ^iplied  to  dam  obtained  on  a  fixed 
verdcal  array  of  receiven.  if  the  environment  at  the  array  posidon  is  known  a  priori 
(74,75].  \^th  the  use  of  a  coordinate  system  such  that  the  z  axis  lies  along  die  vertical 
array  (see  Figure  3-8).  the  posidem  of  theytb  receiver  (IS/^)  is  described  by  (0,Z/).  and 

the  pressure  due  to  a  point  source  at  (r,z)  and  measured  by  the/th  receiver  is  defined  as 
Pj.  Owing  to  the  reciprocity  principle,  as  discussed  in  Secdon  3.2,  each  p^  is  theoret- 

icaUy  ktendcal  to  the  pressure  pir^z^z^)  which  is  generated  by  a  single  pennt  source  at 

(0.z^,  and  so  Eq.C2-12)  for  the  adiabadc  mode  sum  can  be  rewritten  for  a  set  of 
observadons  Pi  as 

Pi^Y^%<lSra)  C/ ,  (3-55) 
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Figure  3-8:  Geometry  of  a  fixed  vertical  airay  of  receivers  and  moving  source 
with  a  constant  depth. 


with 


«  uSO,Zj)  ,  (3-56) 

.  OH) 

^Kjir)r 

As  seen  from  this  definition,  each  ^.(r.z)  is  a  range*dependent  quantity  associated  with 
an  individual  mode.  On  the  other  hand,  u>i  is  a  range-independent  coefficient  obtained  by 
solving  the  depth  equation  for  the  local  eigenfunction,  Eq.(2-8),  with  use  of  the  known 
environment  at  the  anay  site.  If  the  number  of  receivers  is  equal  to  or  more  than  die 
number  of  trapped  modes,  i.e.,  /  2  A^,  then  Eq.(3-55)  can  be  inverted  as  described  below, 
and  q,(r,2)  can  be  expressed  in  toms  of  both  the  measured  pressures  pj  and  calculated 

eigeni^cdons  ii>i,  thereby  representing  the  signal  carried  by  individual  modes.  Eq.(3- 
55)  can  be  rewritten  in  matrix  fonn  as 

p»Uq  ,  (3-58) 


in  which  and  q«~(q.)  are  vectors  with  /and  elements,  respectively,  and 

^  A  matrix.  If  the  vertical  array  is  constructed  of  many  receivm,  thus 

enabling  us  to  sample  the  field  densely  enough  to  write 


j-^uJiO,z)uJP,z)dz  - 


(3-59) 


then  it  follows  from  the  (wthtmormality  condition  for  the  local  modes  in  Eq.(2-9)  that 
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or,  equivalently,  in  matrix  form 


VU-I^  . 


0-61) 


where  Ij^  ia  an  NxN  identity  matrix  and  ^  matrix.  This 

matrix  is  also  expressed  using  U  as 

V«RU  .  (3-62) 


where  R  is  a  JxJ  diagonal  matrix 


•  1 
P(2i) 


0 


0 


1 

P(h). 


(3-63) 


Keeping  the  relation  in  Eq.(3-60)  in  mind,  we  can  q>ply  the  so^alled  generalized  inverse 
to  Eq.(3-S8).  Namely,  by  multiplying  bodi  sides  of  Eq.(3-58)  by  the  transpose  matrix  of 
V,  that  is,  V,  followed  by  further  multiplication  by  (V*  U)~*,  we  can  obtain  the  desired 
result: 


q,*CV‘U)'*Vp  . 


(3-64) 


Therefore,  q.(r,z)  can  replace  pCr.z.Zg)  in  the  asymptotic  Hankel  transfonn  with  die 
sliding  window  (Eq.(3-30))  in  order  to  obtain  the  wavenumber  spectnun  for  the  ndi  local 
mode,  yielding 


gJK;r,2) 


(3-65) 
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or.  equivalently,  uiing  Eq.(3-S7): 


2,) - ^L(r\f) e^"dr  .  (3-66) 

Fxom  the  peaks  of  c^tained  above,  we  can  detennine  the  local  eigenvalues  with 
die  precision  discussed  in  Section  3J2. 

We  recall,  however,  that  the  assumption  of  knowledge  about  the  envitonment  at  die 
array  posidcm  was  made.  In  general,  die  sound  speed  in  the  water  column  as  well  as  die 
water  depth  are  readily  measurable,  but  the  bottom  geoacoustic  data  are  not  If  there 
exists  an  isobath  in  some  direction  near  the  array  site  and  also  the  bottmn  pn^ierties  are 
constant  over  this  range,  then  the  bottom  environment  could  be  obtained  by  applying  die 
inverse  method,  which  was  developed  for  the  range-independent  case,  to  the  pressure 
measured  over  this  range.  For  example,  to  a  wedge-^pe  environment,  die  water  dqith  is 
ctmstant  in  die  direction  peipendicular  to  the  slqiing  bottom.  As  will  be  shown  in 
Chapter  4,  due  to  the  effect  of  horizontal  refraction,  the  pressure  altxig  this  direction  is 
not  completely  equivalent  to  that  in  a  horizontally  stratiHed  medium  with  the  same  water 
dqith,  or  more  precisely,  the  same  bottom  environment  Practically,  however,  this  effect 
will  be  negligible,  because  our  interest  here  lies  only  in  the  bottom  at  the  anay  site,  and 
so  the  pressure  field  required  to  this  inversion  is  limited  to  ranges  relatively  close  to  die 
source  (but  This  problem  will  be  discussed  again  in  Chapter  S. 

In  doiving  Eq.(3-64),  a  conventimial  least-mean-square  0L<MS)  method  has  been 
qiplied  to  obtain  (V'  U)~*.  When  V*U,  however,  is  close  to  being  a  singular  matrix  such 
diat  the  eigenvalues  of  this  matrix  are  near  zero,  its  inverse  becomes  unstable  and,  oonse- 
quendy,  the  output  of  Eq.(3-65)  becomes  affected  by  this  processing  error.  As  inferred 
from  the  approximatitm  in  Eq.(3-61),  this  problem  is  associated  widi  the  following  two 
factors:  One  is  the  shape  of  the  modes  of  interest  and  the  other  is  the  vertical  array 
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ooofifuntti<».  die  total  number  and  positicms  of  the  leceiven.  The  Conner  factor  is 

characterized  by  the  acoustic  fiequency  and  the  depth-directional  variadon  of  the  medium 
at  die  array  site.  In  shallow  water,  die  turning  point  depth  of  the  ray  associated  with  the 
maximum  mode,  which  is  often  located  in  bottom  sediment,  would  be  of  die  most 
ooooem  in  oonnecdon  widi  the  lowest  receiva*.  On  the  other  hand,  die  latter  factor  is 
Msociated  with  the  experimental  design  and,  in  general,  the  array  spaiu  only  the  water 
odlurim  or  at  best  covers  a  few  wavelengths  below  die  bottom  surface.  Depending  on  die 
combination  of  these  two  factors,  the  above  matrix  V'U  has  a  possibility  of  singularity, 
which  leads  to  the  unreliable  output  of  the  mode  filter. 

To  overcome  this  problem,  several  improved  methods  are  available.  Yang  used  an 
eigenvector  decomposition  method  (EDM)  to  estimate  source  location  in  the  deep  ocean 
in  the  North  Arctic  Sea  f76].  It  was  demonstrated  that  this  method  can  resolve  more 
modes  than  the  conventional  least-mean-square  (LMS)  method.  In  EDM,  one  may 
discard  the  eigenvectors  whose  eigenvalues  are  smaller  than  a  given  threshold,  whereas 
die  stabilized  least-mean-square  (SLMS)  method  keeps  those  small  eigenvalues  by 
adding  some  small  number  such  as  one  tenth  the  trace  td’  V'U  to  the  diagonal 
components  of  this  matrix  [48,49].  The  latter  api^oach  is  one  of  the  regularization 
methods  for  inverting  a  singular  matrix.  By  employing  these  methods,  we  can  improve 
the  operation  for  obtaining  q,  in  Eq.(3-64)  and  expect  reliable  separation  of  the  modes. 
Itoe  we  will  describe  these  methods  by  using  the  well-known,  singular  value 
decomposition  (S  VD)  method. 

As  proved  in  Ref.  43,  the  S  VD  method  can  decompose  a  JxN  matrix  U  in  die 
following  form: 


u*aabj 


(3-67) 


with 
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A,. 

■A. 

,0 

• 

• 

• 

o 

a _ 1 

(A, . A,>0)  . 

(3-68) 

a;a, 

-1/ 

0*1....,/)  . 

(3-69) 

b;b, 

0*1...../)  . 

(3-70) 

wbae  Af  A^x/  matrix  (a  is  •  unit  vector  with  dimensioD  AO  and 

is  a  Jxl  matrix  (A  is  a  unit  vector  with  dimensioo  J).  In  addition,  a 
and  b  ate  eigenvecton  satisfying 

UU'ai*X?o,  0**1...../)  .  (3-71) 

0*1...../)  .  (3-72) 

respectively,  and  so  A’  ate  non-zero  eigenvalues,  which  have  to  be  distinguished  from 

the  mode  eigenvalues  r.. 

Jf  the  leceivers  are  placed  in  the  water  column  and  the  water  density  is  equal  to  one 
all  around  the  receiver  positicms,  which  may  be  assumed  without  great  risk  in  dtaUow 
water,  tiien  R  in  Eq.(3-63)  beccnnes  ai  rdentity  matrix.  Employment  of  diis  R  in  Eq.(3- 
62)  leads  to  VsU.  Hence,  by  using Eq.(3-67)  witii  this  relation,  we  have 

U'U-B,A5b;  ,  (3-73) 

or  using  the  vector  t ; 

.  (3-74) 

M 
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Here,  iince  are  not  reio,  the  inverse  maoix  Aj^  exists.  Thus  it  follows  firore  Eq.(3-73) 
that  [43] 

.  (3-75) 

oriising  vector  die  ^  and  *^a/Af: 

tovy^ .  (3-76) 

M 

Substitution  of  q,  in  Eq.(3-64)  into  Eq.(3-S8)  with  the  use  of  Eq.(3-67)  and  Eq.(3-75) 
yields  the  following  identity 

P,«A,a;p  ,  (3-77) 


where  p  is  the  observed  field  data  and  p,  is  the  predicted  field  datt  obtained  by  using  the 
ablution  q|.  In  general.  A|A^  is  not  equivalent  to  an  identity  matrix  and  nqnesents  die 
resoludtm  of  p,.  As  the  rank  of  the  resoluticm  matrix  A,AJ,  U.,  /  decreases,  we  have 
lower  resoludon  of  p,. 

Tbeoredcally  Eq.(3-7S)  and  Eq.(3-76)  can  hold  for  any  A^  (>0),  but  numeiicaUy 
becomes  unstable  if  there  exists  A^^-  0.  we  use  die  EDM.  these  eigenvalues  are 

excluded  from  Eq.(3-76),  yielding 


(/if)  . 


(3-78) 


if  the  following  ctmditkm  is  met: 


ndwie  is  a  Qfpical  eigoivalue  after  excluding  A^,. 

On  the  ocher  hand,  in  die  SLMS  method  (4S].  one  may  add  a  small  value  e  in  the 
diagonal  teem  of  U'U,  yielding 

q-(U'U+d,)-‘U‘p  .  (3-80) 

By  adding  to  both  sides  of  Eq.(3-72),  it  is  seen  that  the  set  of  eigenvecton  k  also 
satisfy  the  following  eigenvalue  system 

{iru+d,)ii-a;+e)»,  (i-i...../)  (3-«i) 

widi  different  eigenvalues.  Based  on  eigenvector  analysis,  die  inverse  matrix  of 
U'U4>d,  results  in 


(3-82) 


(3-83) 


When  Aj»e,  we  may  drop  e/A/  out  of  the  denominator  in  Eq.(3-83)  and  so  obtain  die 
same  diagonal  tonms  as  those  in  Eq.(3-76  ).  On  the  other  hand,  when  A(«e,  die 


diagofud  leniu  become  close  K>  VA  becoines  nefligibk.  As  a  result,  this  added 
small  e  lenn  has  the  same  effect  u  that  in  die  ei^value  decomposition  ^iproach. 

Id  diis  way,  by  airanging  die  small  eigenvalues  in  the  singular  matrix  with  the  use  of 
the  EDM  or  the  SLMS,  we  can  obtain  a  stable  ou^ut  from  the  mode  filter.  The  efiec> 
tiveness  of  this  mediod  in  mode  filtering  will  be  shown  numerically  in  Section  3.4. 

The  generalized  inverse  used  in  the  above  methods  leads  to  minimizing  die  vector 
Bonn  |p*>Uqf  or  |p-Uqf [Z(q):  measure  oi smoothness  and  X'  Lagrange 

multiplier].  If  the  measured  preuure  p  coosistt  (tf  a  set  of  signals  widi  nttise,  s^iidi 
obeys  the  Gaussian  distributitm  with  the  covariance  F.  then  we  need  to  minimiaife 
(p-Uq)'r~‘(p-Uq)  in  order  to  maximize  the  following  probabili^  densi^  function  for 

P  [43]: 


/I(P) 


(3-W) 


As  detailed  in  Ref.  77,  the  ao-caUed  maximum-likelihood  inverse  can  be  executed  by  a 
generalized  invorse  in  transformed  coordinates. 

In  this  section,  to  reduce  the  error  caused  by  the  interference  with  other  modes  udien 
using  the  asymptotic  Hankel  transform  with  a  sliding  window,  we  expldted  mode 
filtering  by  incorporating  data  obtained  with  a  fixed  vertical  array  of  receivers.  When 
diis  filtming  process  becmnes  unstable  due  to  the  effect  of  a  singular  matrix,  we  may 
utilize  the  EDM  or  the  SLMS  for  inverskm  of  the  singular  matrix  in  order  to  provide 
reliable  mode  separatitm.  In  the  next  section,  the  asymptotic  Hankel  transform  widi  a 
diding  window  will  be  applied  together  with  mode  filtering  to  the  pressure  field  for  a 
laterally  inhomogeneous  medium;  the  field  will  be  synthesized  numerically  using 
adiabatic  mode  tiieory. 


60 


34  Analjsbofdimibtcddata 

In  tfiis  KCtioii,  we  demoostrue  through  a  limulated  example  that  the  nmdiods 
diicusaed  in  the  previous  sectioiis  to  detect  die  local  eigenvalues  are  effective.  These 
mediods  are  applied  here  to  the  pressure  field  in  a  latoally  inhomogeneous  waveguide, 
which  is  numerically  simulated  by  using  the  adiabatic  mode  dieory  eiqilained  in  Quqner 
2,2. 

3.4.1  Ocean  niid  seabed  cnvimiiinait 

The  laterally  inhomogeneous  shallow  water  model  used  here  is  shown  in  Hgures  3*9 
to  3>14.  It  is  based  on  a  range-dependent,  multi-layered  sediment  model,  which  we  will 
detail  in  Sectitms  5.1  and  5.4.  As  assumed  in  the  previous  two  sectitms,  the  environment 
is  taken  to  be  cylindrically  symmetric  around  the  z  axis,  where  either  die  source  or 
receiver  anay  will  be  placed. 

The  bottom  consists  of  three  sediment  layers,  whose  properties  at  raO  are  indicated 
in  Hgure  3-9.  The  density  and  the  attenuation  coefficient  take  on  different  values  in 
diffoent  layers  but  remain  constant  within  each  layer.  Also,  the  sound  speed  varies 
continuously  in  the  vertical  direction  in  each  layer,  but  becmnes  discontinuous  across  d» 
layer  interfaces.  The  sound  speed  profile  in  each  layer  is  described  by  an  n^-linear  curve: 

1 

(*/r)SiS*^(i-))  ,  (3-85) 

where  hjir)  is  the  depth  of  the  layer  interface,  c^(r)  ■  c(r,/^(0))  is  the  sound  qieed  at 
x»hj{0)»  and  y/r)  is  the  sound  speed  gradient  in  the^th  layer.  Note  that  the  curve  in 

Hgure  3-9  shows  the  profile  at  M),  but  bectxnes  different  at  other  ranges  due  to  its  range 
dependence.  Here  the  first  two  sediment  layers  are  subject  to  lateral  variation,  but  die 
lowest  layer  (subbottom)  is  taken  to  be  range-independent 
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Figure  3-9;  Sediment  sound  speed  profile  at  rsO  and  other  geoacoustic  parameters 
in  the  shallow  water  bottom  model. 


Figure  3-10:  Lateral  variation  of  the  layer  interfaces  in  the  shallow  water  bottom  model. 


Sound  Speed  Gradient  (s' 


Figure  3*1 1:  Lateral  variation  of  the  sound  speed  at  each  sediment  interface  in  the 
shallow  water  bottom  model. 


Figure  3-12;  Lateral  variation  of  the  sound  speed  gradient  in  each  sediment  layer 
in  the  shallow  water  bottom  model. 


300.0 
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Figure  3-13:  Sediment  sound  speed  profiles  at  dilTcrcnt  ranges  in  the  shallow  water  bottom  model 


r 


Figure  3-14:  Three-dimensiOTal  picture  of  the  sediment  sound  speed  prdiles  in 
the  shallow  water  bottom  model. 
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Hgure  3>10  r'^ows  the  variadcm  with  range  of  the  layer  interface  and  the  bathymeoy. 
These  inter£ices,  including  die  water-botuxn  interface,  are  set  so  Aat  diey  vary  smoodUy 

with  range  to  meet  the  adiabatic  conditum.  The  sound  speed  in  die  sediment  also  has 
lateral  variation,  which  is  provided  through  range-dependent  coefficients  c^(r)  and  g/f) 

in  die  n^-linear  curve.  Hgures  3-11  and  3-12  show  the  lateral  variation  oi  the  sound 
speed  at  die  interface  depths  and  the  sound  speed  gradient  in  each  layer,  respectivdy. 

The  geoacoustic  parameters  in  the  subbtmom  are  constant  due  to  its  range  indqiendcmoe. 
The  sound  speed  profiles  in  the  sediment  at  various  ranges  are  shown  in  Figure  3-13, 
while  a  3-D  picture  of  the  profiles  is  exhibited  in  Figure  3-14.  For  simplicity,  the  sound 
qieed  in  the  water  column  is  taken  to  be  constant  such  that  c«lS00  m/s,  and  the  water 
density  is  fixed  to  be  1  g/cm’ .  Thus,  we  can  simulate  the  pressure  field  by  employing 
adiabatic  mode  theory  in  diis  laterally  inhomogeneous  waveguide. 

3.4  J  Acoustic  environment 

Here,  we  will  consider  a  point  source  with  a  fiequency  of  75  Hz;  the  water  depth  at 

M)  corresponds  to  2.SX,  where  the  wavelength  X=20  m  in  the  water  colunm.  Figure  3-15 
shows  the  first  nine  modes  at  this  range  (r^).  The  local  eigenfunctions  |u.(r,0)|  are 

plotted  versus  depth  z  and  are  individually  normalized  so  that  their  maximum  absolute 
values  are  unity.  Also,  the  local  eigenvalues  of  these  modes  axe  indicated  in  die  complex 
wavenumber  domain  in  Figure  3-16.  As  seen  from  this  figure,  the  teal  parts  oi  the 
eigenvalues  of  the  fint  five  modes  are  greater  than  the  wavenumber  at  the  deptii  of  die 
subbottom  surface  and  less  than  k^ »  2xfX ,  so  that  these  modes  are  trapped  between 
the  sea  surface  and  the  subbottom  interface.  The  modes  with  eigenvalues  that  are  smaUer 
dum  diis  wavenumber  are  similar  to  leaky  modes  because  of  the  small  sound  speed 
gradient  in  the  subbottom  layer.  As  this  gradient  goes  to  zero,  the  distance  of  these 
adjacent  modes  in  die  k,.-plaiw  decreases  and  eventually  they  become  part  of  the  modal 
continuum  when  04^0. 


66 


E 

o 

-1 — i 

4^ 

0) 

5  « 

o 

op  u 

d.  n 

't 

52  ^ 

3 

1/) 

tu  52 
^  £ 

0) 

^  *0 
LO  O 


(ui)  mdaa 


Figure  3-15:  Local  eigenfunctions  |m,(z,0)|  of  the  first  nine  modes  excited  at  r=0  in  the  shallow  water  model  shown  in 
Figures  3-9  to  3- 14. 
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Figure  3-17:  Comparison  of  the  pressure  Held  consisting  d*  the  first  five  modes  and  the  pressure  field  consisting  of  the 
first  nine  modes.  The  pressure  field  is  simulated  by  using  normal  mode  theory  in  a  horizontally  stratified  waveguide 
which  has  the  bottom  properties  shown  in  Figure  3-9. 


In  Older  to  exaroiM  die  effect  of  these  higher  modes,  let  us  temporarily  consider  a 
horizontally  stratified  environment  having  die  same  properties  as  diat  at  M).  The 
pressure  field  /Kr.z.Zg)  is  then  represented  by  the  sum  of  those  modes  based  on  Eq.(2*6) 

in  die  normal  mode  theoiy.  Thus  we  can  compare  two  kinds  of  fields:  One  is  a  sum  of 
die  lowen  five  modes  and  the  other  is  a  sum  of  the  lowest  nine  modes  which  includes  the 
higher  modes.  These  two  results  are  compared  in  Figure  3>17,  where  we  have  plotted  the 
relative  amplitude,  201og,o(p(r,z.2o)|,  due  to  a  point  source  of  unit  amplitude  at  r«l  m. 

As  seen  fixnn  a  comparison  of  these  results,  we  cannot  recognize  substantial  differences 
in  the  relative  amplitudes.  Thus  we  will  basically  use  die  lowest  five  modes  to  simulate 
the  pressure  fields.  When  the  effect  of  the  higher  modes,  however,  is  examined,  these 
higher  modes  will  be  used  in  simulating  the  fields. 

Now  in  the  case  of  the  range-dependent  environment  specified  above,  the  local 
modes  vary  with  range  so  as  to  satisfy  the  depth  equation  in  Eq.(2-8).  Since  the  local 
eigenvalues  r.Cr)  must  be  used  as  a  measure  for  evaluating  the  results,  which  will  be 

obtained  from  the  output  spectnim  of  the  I^mkel  transform  with  the  sliding  window,  we 
need  to  have  highly  accurate  values  of  K,(,r)  for  comparison.  We  obtained  these 

eigenvalues  every  S  m  in  range  by  solving  the  range-dependent  characteristic  equation. 

In  this  process,  we  first  obtained  the  approximate  values  for  the  local  eigenvalues  by 
utilizing  Eq.(5-23),  which  will  be  derived  for  the  puipose  of  relating  the  perturbed  local 
eigenvalues  and  the  pemiibed  geoacoustic  parameters  in  an  inverse  problem  in  Chapter  5; 
these  ^>proximate  values  can  then  be  converged  to  highly  accurate  values  by  using  the 
Newton-Raphson  method  iteratively  [S4,78].  The  local  eigenvalues  thus  found  for  modes 
tme  through  nine  are  shown  as  a  function  of  range  in  Figure  3-18. 

As  seen  fitom  this  figure,  the  range  variation  ot  the  local  eigenvalues  of  modes  dirte 
through  five  is  relatively  large,  because  these  three  modes  are  strongly  affected  by  the  top 
two  range-dependent  sediment  layers.  This  fact  can  also  be  inferred  from  the  mode 
shapes  in  Figure  3>15.  Of  particular  interest  here  is  that  the  range  variation  of  the  local 
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Figure  3-18:  Local 
m^e  theory  in  the 


source  depth :  8m  mode:  1  -5 
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Figure  3-19:  Comparison  of  (he  pressure  field  consisting  of  the  first  five  modes  and  the  pressure  field  consisting  of  the 
first  nine  modes.  The  pressure  field  is  simulated  ^  using  adiabatic  mode  theory  in  the  model  of  a  laterally 
inhomogeneous  shallow  water  waveguide  shown  in  Bgures  3-9  to  3- 14. 


eigenvalue  of  die  thiid  mode  shows  a  different  behavior.  Namely,  as  the  water  depth 
decreases  widi  range,  die  local  eigenvalues  oi  the  other  modes  decrease  monotonically 
with  range,  whereas  die  local  eigenvalue  oi  the  third  mode  first  decreases,  and  then  at  a 
range  of  about  2500  m,  begins  to  increase.  Apparendy  the  third  mode  is  affected  more 
intensely  by  die  variadon  in  sediment  properties  than  by  badiymetric  diange. 

Let  us  dieck  die  effect  oi  the  higher  modes  in  this  range-dependent  environment 
Hgure  3-19  compares  die  pressure  fields  widi  and  without  those  higher  modes  (modes 
6-9)  in  die  adiabatic  mode  sum  in  Eq.(2-12).  Again  we  cannot  recognize  substantial 
differenoes  between  the  two  results. 

In  this  way,  we  can  make  use  of  the  pressure  field  diat  is  synthesized  by  a  sum  of 
adiabadc  modes.  Once  again,  the  objective  in  this  cluster  is  to  recover  the  range- 
d^ndent  local  eigenvalues  from  the  given  pressure  field. 

3,43  Application  of  an  asymptotic  Hankd  transform  with  a  sliding  window 

Hrst  let  ns  apply  a  omventional  asymptotic  Hankel  transform  to  die  simulated 
pressure  fields.  In  this  transfonn,  the  rectangular  window  is  used  to  truncate  die  field  at  5 
km,  so  that  all  range-dependent  components  are  weighted  equally.  For  the  horizontally 
stratified  case  in  Hgure  3-17,  the  output  spectrum  shown  in  Figure  3-20  clearly  indicates 
that  each  peak  ctmesponds  to  an  individual  mode.  Note  that  several  small  peaks  around 
the  dominant  ones  are  sidelobes  caused  by  using  the  rectangular  window  in  the  transfonn. 
In  contrast,  as  seen  firom  Hgure  3-21  for  the  range-dependent  case  in  Hgure  3-19,  the 
peaks  in  the  ouqiut  spectrum  are  not  distinctive  except  for  the  first  mode.  The  peak  of  die 
secemd  mode  is  split  and  the  third  mode  peak  is  very  hard  to  distinguish.  As  expected 
from  the  variation  of  r,(r)  in  Hgure  3-18,  die  latter  result  for  the  third  mode  is  due  to 

the  interference  with  the  adjacent  fourth  mode,  which  actually  shares  die  same 
wavenumber  at  a  different  range. 


source  depth :  8m 
receiver  depth  :  1 5m 
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Figuie  3-20:  Wavenumber  spectrum  obtained  by  applying  the  asymptotic  Hankel  transform  to  the  pressure  Field  over  a 
Finite  range  (5  km)  in  the  horizontally  stratiFied  waveguide  which  has  the  bottom  sediment  shown  in  Figure  3-9.  The 
pressure  field  is  simulated  by  using  normal  mode  the^. 
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Figure  3-21:  Wavenumber  spectrum  obtained  by  apfrfying  the  asymptotic  Hankel  transrorm  to  the  pressure  Held  over  a 
finite  range  (5  km)  in  the  laterally  inhomogeneous  waveguide.  The  pressure  field  is  simulated  by  using  adiabatic  mode 
ihrory  and  the  shallow  water  mo^l  shown  in  Figures  3-9  to  3- 14  is  used  as  this  waveguide. 


Next  let  tts  examine  the  local  character  of  the  above  spectrum  by  using  a  sliding 
Hanning  window.  Figures  3-22(a)  and  (b)  show  die  output  spectrum  of  Eq.(3-30)  when 
using  a  Hanning  window  with  a  length  (L)  of  1000  m  and  2000  m,  itspectively.  Here  the 
oenterpositionofthis  window  is  slid  every  SO  m.  la  the  case  of  L^IOOO  m,  the  qiectrum 
became  unstable  due  to  the  interference  of  adjacent  modes;  this  result  stems  from  a  short 
window  fcngdL  The  result  for  ^>2000  m  imi^ves  this  situation  at  the  c(M  of  losing  die 
local  character,  but  even  in  diis  case  we  cannot  distinguish  clearly  die  peak  of  mode  3 
dmxigh  mode  5  in  the  region  around  r«lS00m. 

In  order  to  improve  this  result,  let  us  utilize  a  mode  filter  by  incorporating  data  from 
a  vertical  receiving  array  at  raO.  The  array  ctmsidered  here  consists  of  10  receivers 
placed  in  the  water  column  every  S  m  as  shown  in  Figure  3*23.  On  use  of  Eq.(3-64)  die 
pressure  field  can  be  separated  by  modes  and  then  the  above  asymptotic  Hankel 
transform  with  the  Hanning  window  may  be  applied  to  die  output  of  this  mode  filter. 
Figure  3-24  shows  a  set  of  range-dependent  spectra  for  each  mode  when  using  Z>1000  m. 
Figures  3-25(a)  and  (b)  show  the  peak  positions  of  mode  3  and  mode  5  in  Figures  3-24, 
respectively,  and  these  peak  positions  ate  compared  with  the  local  eigenvalues.  We 
chose  only  to  show  the  peak  positions  of  modes  3  and  5  because  they  are  representative 
the  peak  positions  for  die  other  modes.  It  is  observed  that  the  depaituie  frtnn  the  exact 
values  is  noticeable  at  the  range  where  the  curvature  of  die  local  eigenvalue  is  large.  To 
effect  ccnnparison.  the  difference  of  these  two  curves,  i.e.,  the  amount  of  the  departure 
from  the  local  eigenvalue,  is  plotted  again  in  Figures  3-26.  This  difference  is  further 
amplified  for  the  case  of  L*2000  m  as  shown  in  Hgures  3-27,  which  we  discussed  in 
Section  3.2.  Namely,  as  the  window  length  increases,  the  departure  from  the  exact 
mgenvalue  beccnnes  larger. 

In  order  to  study  the  effect  of  the  higher  modes  tm  die  performance  of  the  mode 
filtering  operation,  let  us  apply  the  same  method  to  the  pressure  field  that  is  synthesized 
by  including  those  higher  modes.  In  this  case,  some  of  the  eigenvalues  in  Eq.(3-68) 
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Figure  3-22:  Range-dependent  evolution  of  the  wavenumber  spectrum  obtained  by 
applying  the  asymptotic  Hankel  transfonn  with  a  sliding  Hanning  window  to  the 
pressure  field  which  is  simulated  for  the  model  of  a  laterally  inhomogeneous 
shallow  water  waveguide  shown  in  Figures  3-9  to  3-14.  Source  depth  is  8m  and 
receiver  depth  is  15  m:  (a)  window  lengthslOOO  m  and  (b)  window  length=2000  m. 
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Figure  3-23:  Geometry  of  a  vertical  array  of  receivers  fixed  at  r=0  in  the  shallow 
water  model. 
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Figure  3>24:  Range-dependent  evolution  of  the  individual  modal  specua  obtained 
by  mode  nitering  with  use  of  the  vertical  array  in  Figure  3-22. 
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Figure  3-24,  continued 
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Horizontal  Wavenumber  (m"’ ) 


Mode  1 


Figure  3-24,  continued 


(b) 

Figure  3-25:  Comparison  of  local  eigenvalue  and  modal  peak  irajectories  in  the 
spectrum  in  Figure  3-24:  (a)  mode  3  and  (b)  mode  5. 
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Figure  3-26:  Comparison  of  the  departures  from  the  local  eigenvalue  for  three 
different  modes. 


Figure  3-27:  Companson  of  the  departures  from  the  local  eigenvalue  for  three 
different  Hanning  window  lengths. 
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Figure  3-28:  Comparison  of  exact  local  eigenvalue  and  modal  peak  trajectories  in 
the  spectrum  separated  by  mode  filtering  with  EDM.  The  pressure  is  simulated  by 
using  the  first  nine  local  modes  in  the  model  of  a  laterally  inhomogeneous  shallow 
water  waveguide  shown  in  Figures  3-9  to  3-14;  (a)  mode  3  and  (b)  mode  5. 
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(a) 


(b) 


Figure  3-29:  Comparison  of  the  departures  frc»n  the  local  eigenvalue  fOT  the  Held  con¬ 
sisting  of  five  modes  and  the  field  consisting  of  nine  modes:  (a)  mode  3  and  (b)  mode  5. 
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Table  3-1 :  Eigenvalues  of  the  matrix  in  Eq.(3-^)»  which  were  used  for  the  EDM. 


ii  Eigenvalue  (A^) 

1  0.4507 

2  0.4460 

3  0.4357 

4  0.1552 

5  0.0158 

6  0.0005 


become  extremely  small,  so  that  the  generalized  inverse  matrix  becomes  unstable.  (Note 
that  these  eigenvalues  must  be  distinguished  from  the  modal  eigenvalues  in  Hgures  3-16 
and  3-18.)  Hence,  we  utilized  the  EDM  with  r«6  in  Eq.(3-77)  to  obtain  the  stable 
generalized  inverse  matrix  (Table  3-1).  This  result  is  shown  in  Hgures  3-28(a)  and  (b) 
modes  3  and  5  in  the  same  manner  as  above.  In  Hgure  3-29,  the  departure  finom  die 
local  eigenvalue  is  compared  with  the  departure  in  Hgure  3-26,  which  is  obtained  for  the 
field  without  those  higher  modes.  These  results  show  that  in  the  case  of  mode  3,  the 
effect  of  the  higher  modes  can  be  eliminated  by  using  EDM  whereas  the  fifth  mode 
closest  to  the  higher  modes  suffers  from  the  interference  with  those  modes. 

At  the  end  of  this  section  let  us  study  the  effect  of  noise.  In  order  to  simulate  the 
noisy  data,  we  simply  add  white  noise  to  the  teal  and  imaginaiy  parts  of  the  pressure  field 
produced  in  Section  3A2.  The  white  noise  can  be  generated  by  using  a  Gaussian  nonnal 
distributitm  routine.  Note  that  the  noise  added  at  different  receivers  was  taken  to  be  inde¬ 
pendent  from  each  odier.  Hgure  3-30  shows  examples  of  synthesized  noisy  pressure 
fields.  The  signal-to-noise  ratio  (SNR)  was  defined  by  using  the  range-averaged  signal 
intensity.  Here  let  us  use  the  same  mode  filtering  and  Hankel  transform  as  those  used  in 
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Hgure  3*24.  Figure  3-31  shows  examples  of  the  resulting  modal  evolution.  In  Figures  3- 
32  the  peak  trsijectories  and  the  departure  from  the  local  eigenvalues  are  compared  for  the 
different  SNR's.  These  figures  imlicate  that  mode  3  is  the  most  sensitive  to  die  noise  and 
we  cannot  recognize  the  peak  beyond  a  range  of  3000  m  for  a  SNR  of  10  dB.  This  is  due 
to  the  fact  that  the  attenuatimi  of  mode  3  is  the  largest  in  the  jnesent  model  (see  Hgure  3- 
16),  so  diat  mode  3  decreases  most  n^idly  with  range  and  has  a  larger  influence  from  the 
noise. 
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Figure  3-30:  Synthesized  noisy  pressure  Helds.  White  noise  has  bec  i  added  to  the 
pressure  field  in  Figure  3-19. 
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Horizontal  Wavenumber  (m"’ ) 


Horizontal  Wavenumber  (m"’ ) 


I 

SNR  lOdB 


SNR  20dB 


Figure  3-31:  Range-dependent  evolution  of  the  wavenumber  spectrum  (mode  5) 
obtained  by  applying  the  same  mode  Filtering  and  Hankel  transform  as  those  in 
Figure  3-24  to  the  noisy  pressure  Fields. 


I 

o 

X 


« 

I 

C 

i 

i 

“5 

§ 

N 

I 


(a) 


Figure  3-32:  Comparison  of  local  eigenvalue  and  peak  trajectories  for  different 
SNR's  (upper),  and  departure  from  the  local  eigenvalue  (lower),  (a)  mode  2, 
(b)  mode  3,  and  (c)  mode  5. 
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Horizontal  Wavenumber  (xlO”'’m’')  Horizontal  Wave 


Range  (m) 


(b) 


Figure  3-32,  continued. 
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(C) 


Figure  3-32,  continued. 
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SJ5  Summary 

b  an  attempt  to  extract  local  eigenvalues  from  the  pressure  field  in  a  laterally 
inhomogeneous  waveguufe,  the  asymptotic  Hankel  transform  with  a  sliding  window  is 
utilized  in  diis  Quarter. 

b  Section  3.1,  we  reviewed  the  definition  of  the  Hankel  transform  and  ben,  b  be 
case  of  a  horizontally  stratified  waveguide,  it  was  shown  that  the  eigenvalues  of  be 
normal  modes  can  be  accurately  detected  by  applying  a  zero-order  asymptotic  Hankel 
transform  to  be  pressure  field  m  be  waveguide. 

b  Section  3.2,  a  slidmg  window  was  mtroduced  mto  be  zero-order  asymptotic 
Hankel  transform  to  detect  the  local  eigenvalues  m  a  laterally  varymg  waveguide,  b 
csda  to  analyze  be  errors  m  this  mebod,  we  applied  the  asymptotic  Hankel  transform 
wib  a  slidmg  window  to  be  pressure  field  ex|»essed  by  the  adiabatic  mode  sum  and 
examined  analytically  the  effect  of  range  dependence  on  the  local  eigenvalue  estimates, 
b  a  smgle  mode  situation,  it  was  found  that  the  departure  of  the  peak  position  m  the 
output  spectrum  from  be  local  eigenvalue  depends  on  bob  the  second  derivative  of  the 
local  eigenvalue  and  be  window  lengb  and  type. 

b  addition  to  this  error,  anober  type  of  departure  from  be  local  eigenvalue  is 
mduced  by  be  interference  wib  be  sidelobes  of  adjacent  modes.  To  reduce  be  btter 
type  of  error,  be  separation  of  modes  prior  to  be  application  of  be  Hankel  transform 
wib  a  sliding  window  is  desirable,  b  order  to  accompUsh  this,  we  exploited  mode 
filtering  by  incorporating  data  from  a  fixed  vertical  array  of  receivers  m  Secticm  3.3. 
When  this  filtering  process  becomes  unstable  due  to  be  revolvement  of  a  singular  matrix, 
it  was  demonstrated  that  be  eigenvector  decomposition  method  (EDM)  and  the  stabilized 
teast-mean-square  mebod  (SLMS)  are  useful  in  providing  reliable  mode  separatitm. 

b  Sectitm  3.4,  we  applied  be  asymptotic  Hankel  transfonn  wib  a  sliding  window 
and  mode  filtering  to  a  pressure  field  which  was  simulated  numerically  by  using  adiabatic 
mode  beoiy  in  a  model  of  a  laterally  inhomogeneous  shallow  water  waveguide.  The 
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results  indicated  that  the  use  of  mode  filtering  improved  the  detectkm  oi  the  local 
eigenvalues.  When  the  field  includes  higher  modes,  it  is  ccmfirmed  that  die  EDM  is 
useful  in  providing  a  stable  results  for  mode  separation. 

In  Older  to  address  the  case  of  a  3*D  varying  environment,  results  obtained  in 
cluster  will  be  extended  in  the  next  chapter. 


94 


Chapter  4 

Analysis  of  the  Effect  of  Horizontal  Refhiction 
on  the  Hankel  Transform 


Id  the  previous  chapter,  we  assumed  the  waveguide  to  be  cylindrically  symmetric 
around  a  fixed  source  or  receiver  array,  so  thu  the  sound  propagates  in  the  radial 
direction  and  does  not  suffer  fircnn  horizontal  refractimi.  In  general,  however,  we  must 
take  into  consideration  the  effect  of  horizontal  refraction  when  a  medium  with  bottom 
sediments  varies  arbitrarily  but  gradually  in  the  horizontal  direction  so  that  die  pressure 
field  does  not  remain  symmetric. 

In  this  chapter,  we  will  explore  a  method  for  determining  local  eigenvalues  for  ncm- 
cylindrically  symmetric  fields.  In  the  first  section,  the  problem  of  horizontal  refraction  is 
raised.  In  Secticm  42,  we  explore  the  use  of  a  general  Hankel  transform  widi  a  sliding 
window  based  on  the  scheme  discussed  in  Chapter  3.  In  Section  4.3,  an  alternative 
representation  of  a  2-D  Fourier  transform  with  a  sliding  window  is  derived  and  we 
examine  the  effect  of  horizontal  refraction.  In  Section  4.4,  the  results  cditained  in 
Sections  4.2  and  4.3  are  numerically  studied  by  applying  them  to  a  pressure  field  that  is 
simulated  by  using  the  horizontal  ray  mediod.  In  Section  4  J,  a  way  for  effective 
measurement  in  a  3*D  varying  environment  is  considered. 

4.1  Problem  definition 

When  we  utilize  the  Nx2D  method  in  a  3-0  varying  waveguide,  the  pressure  field 
can  be  synthesized  by  using  only  the  sound  speed  profile  and  bottom  sediment  ctmdititms 
along  a  radial,  just  as  if  tiie  medium  were  symmetric.  The  simulated  field  can  provide  a 
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food  ai>pn>ximalion  to  the  piessure  field  and  actually  includes  horizontal  refraction  to 
some  extent  This  is  due  to  d>e  following  approximate  relation: 


.  (4-1) 

where  the  integral  oo  the  left-hand  side  is  executed  along  the  horizontal  ray  path  s  of  the 
mode  propagating  from  the  ori^  to  (xj).  whereas  the  integral  on  the  right-hand  side  is 
taken  simply  altmg  the  fixed  radial  (^q  direction). 

In  the  inverse  problem  for  detecting  eigenvalues  frmn  a  given  pressure  field, 
however,  we  are  not  able  to  take  advantage  of  Eq.(4-1);  that  is,  to  apply  the  asymptotic 
Hankel  transfonn  with  the  sliding  window  in  Eq.(3-30)  to  a  ntm-cylindrically  symmetric 
field  along  some  fixed  radial  by  assuming  Eq.(4-1).  If  we  do  this,  then  the  wavenumber 
of  the  peaks  detected  by  this  transform  is  only  die  component  projected  cm  to  tins  radial 
direction  (Rgure  4-1)  and,  consequently,  we  would  always  underestimate  die  local 
eigenvalues.  This  is  because  what  is  accounted  for  by  the  transform  is  the  rate  of  spatial 
change  of  phase  along  the  radial,  ncA  the  accumulated  phase  shown  in  Eq.(4-1). 

Thus  the  key  to  this  problem  is  how  to  invert  for  die  horizontal  refraction  angle  at 
each  observation  point  If  this  angle  were  known  a  priori^  the  j  we  could  compensate  for 
the  underestimated  wavenumber  discussed  above  by  using  this  angle.  For  example, 
assume  a  3-D  varying  waveguide  such  that  the  horizontal  refraction  of  modes  is 
dmninated  only  by  bathymetric  change.  We  can  then  predict  the  refractitm  angle  by 
means  of  the  horizontal  ray  technique.  In  shallow  water,  however,  this  assumption  does 
not  always  hold,  especially  for  higher  modes  in  die  lower  frequency  region.  Namely, 
diose  modes  are  often  more  sensitive  to  the  variation  of  the  sediment  structure  and 
properties  rather  dian  the  bathymetric  change  in  die  propagation  process  [79]. 
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Hieitfoie.  in  aider  to  obtain  accurate  local  eigenvalues  in  a  noo-cylindrically 
qnnmetric  environment,  we  must  use  a  2-D  Fourier  ttansfonn  or  genenl  Hankel 
transfonn. 

Since  die  region  of  the  pressure  field  to  be  examined  is  an  intermediate  range  (e^.. 
r<R,-\0  km),  the  phase  ficont  associated  widi  a  mode  is  primarily  qneading  out  in  die 
radial  direcdoo.  Also  this  phase  frcmt  does  not  change  its  direction  suddenly  due  to  die 
adiabatic  assumption.  Thus  if  we  use  a  cylindrical  coordinate  system,  the  direction  of 
diis  modal  evbludon  can  be  described  akmg  a  radial  plus  a  perturbadon.  Wididiis 
viewpdnt,  the  measurement  altxig  the  radial  diiecdon,  as  carried  out  in  the  cylindricaUy 
symmetric  case,  can  be  the  most  effective  way  to  jnovide  the  pressure  data  for 
determining  the  dominant  variation  in  the  local  eigenvalue.  Hence,  based  on  diis  notion, 
we  will  continue  to  use  a  cylindrical  coordinate  system  in  the  following  sections. 

4J1  General  Hankd  transform  with  a  diding  window 

In  this  section,  we  will  explore  a  mediod  for  obtaining  local  eigenvalues  for  a  non- 
cylindrically  symmetric  field.  In  this  case,  we  have  to  start  from  die  2-D  Fourier 
transform  in  die  form  of  Eq.(3-5)  to  obtain  the  spatial  spectrum  in  terms  of  the  cylindrical 
coordinates  As  discussed  in  CSiapto*  3,  a  window  fimction  may  be  incorporated 

into  Eq.(3-S)  in  cnder  to  obtain  the  local  character  of  the  wavenumber  spectrum: 

where  |  in  Eq.(3-S)  has  been  replaced  by  g  with  the  use  of  the  lelaticm  in  Eq.(3>10). 
Here,  as  shown  in  Hgure  4-2,  the  window  is  given  by  die  product  of  w^(r;r)  and 
Vi)(d;d):  die  former  is  a  window  functi<»  for  the  range  direction  with  a  center  position 
of  f  and  a  length  of  L  (as  in  the  symmetric  case),  and  the  latter  is  a  window  function  for 

m 

die  arimuthal  direction  widi  a  center  direction  of  0  and  an  angular  width  of  f2.  By 
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Figure  4-2;  Schematic  illustrati<»  of  the  2-D  window  defined 
by  w^(r;f)X  Vfl(0;0), 


dwosing  a  small  width  for  we  can  reduce  the  variadon  in  the  propagation  direction  of 
the  idiase  front  associated  with  r,  dtis  window,  as  long  as  the  range  of  interest  is 
in  r<R,.  On  the  other  hand,  die  minimum  kngdi  of  L  is  restricted  in  older  to  attain  die 
required  resoludon  in  die  ouqnit  spectrum  in  k,. 

4J.1  Dcrivntioii  of  the  goicrnl  Hankd  transform  with  a  sliding  window 

Now,  in  order  to  derive  a  general  Hankel  transform,  the  exponential  term  in  Eq.(4>2) 
can  be  rewritten  using  the  generating  fiincdon  for  die  Bessel  funcdon  [57]: 

—  ■re 

where  JJik^)  is  the  nth  order  Bessel  funcdon.  After  converting  the  sine  functkm  to  a 
cosine  funcdon  by  adding  rr/2  to  its  argument,  we  subsdtute  Eq.(4>3)  into  Eq.(4-2), 
which  yields 

(4-4) 

By  changing  the  order  of  summadon  and  integradon  with  respect  to  0,  it  follows  that 
g(*,.  0,z)-jdr at(r,f)  r  ^C^rAiV^k/)  ,  (4-5) 


adime  C.(r)  represents  the  Fourier  coefficient  at  range  r,  which  is  defined  by 


C.(r;d,z) *  ~ d0  ifa(d; d)  p(r,$,z)e'^  . 


(4-6) 
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Owing  10  die  window  fiincdoo  the  pmsan  field  required  for  Eq.(4-6)  ii  limited 

in  die  azimuthal  width  Q.  Here  attention  should  be  paid  to  the  size  of  O.  Namely,  diis 

A 

cannot  be  reduced  as  much  as  desired,  depending  on  the  type  of  the  window  v^(d;d).  If 
has  a  discontinuity  such  as  a  rectangular  window,  then  die  Fourier  series 
refnesentatitm  for  diis  fiinctitm  has  an  error  doe  to  die  Gibb's  idienomenon  [70].  Hence, 
in  diis  sense,  die  Hanning  window  is  preferable  to  a  rectangular  window. 

Since  the  range  of  interest  is  far  enough  to  satisfy  ii/ » 1,  we  can  employ  die 
asymptcMic  form  for  the  Bessel  functitm  as  done  in  Chapter  3.  To  do  this,  we  use  the 
identity: 

J.W  •  + «?’(*/)]  (^7) 

with  the  asymptotic  fonn  for  the  Hankel  function  [57]: 

(4-8) 


(4-9) 


Li  the  case  of  cylindrically  symmetric  fields,  we  used  only  the  initial  tenn  in  die 
asymptotic  fonn  of  the  zero-order  Hankel  function  as  shown  in  Eq.(3-17)  and  Eq.(3-18), 


where 


_  .  (4ii'-l'X4n’-3’). 

- 2WV? -  ■  ■ 


Pi 


4ii*-l*  (4n*-l*X4«*-3*X4n*^ 


8*/ 


31(8*/)’ 
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viiile  here  the  higher  order  terms  in  Eq.(4-9)  cannot  be  simply  neglected  because  n  goes 
to  infiniQf  in  die  summatioo  in  Eq.(4>S). 

Hie  pressure  field  due  to  a  point  source  at  rsO  is  dominated  by  an  outgoing  wave  in 
die  region  ttf  interest  {r<Rt\ even  when  subjected  to  horizcmtal  refractuxL  Thus,  when 
we  substitute  Eq.(4-7)  with  Eq.(4-8)  ami  Eq.(4'9)  into  Eq.(4-S).  the  teims  including 
do  not  substantially  contribute  to  the  integral  in  Eq.(4*S)  and  can  be  dropped  tnit  of  diis 
equaticm,  which  yields 


KfctrhU  (4"*-l’X4il'-3») 

.,(4n^~l^X4n»“3W-5^).  1 
3!(8*/)*  J 


(4-10) 


For  simplicity,  the  functional  notation  for  depth  is  omitted  in  Eq.(4-10)  and  also  in  the 
following  equations. 

By  keeping  the  leading  term  in  the  numerator  of  each  fraction  within  the  bracket 
when  summing  over  n,  Eq.(4-10)  can  be  approximated  by 


2k/  2!V2k/J  3!i^2k/J 


(4-11) 


Noticing  that  the  inside  of  the  bracket  is  a  formed  a  Taylor  series  for  e  we  obtain 
the  following  form: 


The  rig^'hand  side  of  Eq.(4-12)  can  be  evaluated  numerically  in  principle,  but 
realistically  this  lequizes  too  much  ctxnputadonal  effort  This  is  due  to  die  factor 

located  in  die  denominator  in  e  so  that  we  cannot  simply  make  use  die  FFT  when 
performing  the  integral  with  respect  to  r,  as  done  in  Chiqiter  3. 

Therefore  we  will  examine  Eq.(4-12)  analytically  in  order  to  evaluate  it  in  an 
approximate  manner.  In  Section  4.2.2.  we  expand  Eq.(4-12)  by  using  a  differential 
operator  with  respect  to  the  aadmuthal  angle  in  order  to  study  the  relatimiship  between  the 
zero-order  Hankel  transform  in  Eq.(3-30)  and  the  general  Hankel  transform  in  Eq.(4-12). 
On  die  other  hand,  in  Section  4.2.3,  we  derive  an  approximate  fonn  of  this  transform  by 
resorting  to  the  stationary  phase  method.  Based  on  the  analysb  of  the  horizmital 
refracdon  effect  with  die  use  of  this  approximate  form,  we  will  explore  a  method  for 
determining  the  hcnizontal  refraction  angle. 

4,2J  Relationship  to  the  zero-order  Hankd  transform 

.1^ 

Unless  the  term  e  ^  is  included  in  Eq.(4-12),  the  sum  over  n  stands  for  the  Fourier 
series  for  p(r,9),  so  that  this  representation  reduces  to  the  asymptotic  form  of  a  zero- 
order  Hankel  transform  given  by  Eq.(3-30)  with  replacement  of  d  by  f.  As  a  special 
case,  if  p(r,9)  has  no  angular  dependence  such  as  in  the  cylindrically  symmetric  case,  we 
have  Cp  and  C.  » 0 (a  #  0)  from  Eq.(4-6)  and  thus  Eq.(4-12)  again  reduces  to 

Eq.(3-30).  Therefore  we  see  that  the  term  e  ^  is  a  key  factor  for  resolving  the 
horizontal  refraction  effect  in  this  transform.  Actually,  as  observed  from  the  fact  diat 
e  ^  has  both  a-  and  f^-dependence,  this  term  contains  the  interaction  of  transforms  in 
the  radial  and  angular  directions. 
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&  is  well  known  that  the  index  n  in  the  Fourier  series  conespoods  to  die  operator 
U.t  in  general: 

(;  :  arbitrary  integer)  .  (4-13) 


If  one  applies  ttese  properties  in  Eq.(4-13)  to  Eq.(4-12),  then  it  follows  diat 

*f  I  *  I 

.  (4-14) 


or.  using  Eq.(4-ll), 


(4-15) 


Here,  considering  the  condition  w^(r,f )  sOfar|r-f|>L,the  integration  range  has  been 
formally  extended  from  0  to  -do  in  order  to  facilitate  a  comparison  widi  the  zero-onier 
Hankd  transform. 

It  can  be  observed  that  Eq.(4-15)  will  again  reduce  to  Eq.(3-30)  if  we  keep  <mly  the 
first  term  in  die  bracket  and  set  ^^0^.  Asa  matter  of  fact,  diis  situaticHi  corresponds  to 

die  cylindrically  symmetric  case  because  d^pjd^  s  0  (n  2 1).  Accordingly,  die  rest  of 
the  terms  rejnesent  the  effect  of  horizontal  refraction  and  can  be  cemsidered  to  be  small  if 
diese  derivatives  are  small  Therefore  Eq.(4-15)  shows  that  the  general  Hankel  transform 
can  be  represented  by  a  zetOKvder  Hankel  transform  as  a  primary  term  plus  additioiud 
terms  which  account  for  horizontal  refraction,  as  expected  in  Seetkm  4.1. 
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42J  Analjvisc^  the  horizontal  KfracdcA  effect 

hi  this  secticm,  based  on  the  general  Hankel  tnmsfonn  with  a  sliding  window  diat 
was  obtained  in  Section  4^.1,  we  explore  an  approximate  method  for  detecting  die 
horizontal  refiacdcm  angle  in  order  to  determine  local  eigenvalues. 

Rrst,  in  order  to  clarify  the  role  of  9  in  Eq.(4-12),  let  us  replace  it  with  a  new  angle 
8  defined  by 

8mq>-e  .  (4-16) 

A 

If  the  phase  front  launched  from  the  source  in  the  directum  0  passes  thrmigh  the 
observation  point  at  the  angle  ip,  then  8  represents  the  horizontal  refractitm  angle  at  this 
poinL  On  use  of  this  angle.  Eq.(4-12)  becomes 

(4-17) 

where  the  integration  range  has  been  extended  from  0  to  ^00  owing  to  w^(r,f).  From 
this  form  we  can  interpret  Eq.(4-17)  by  dividing  it  into  the  following  two  stages: 

1.  By  rescaling  k,  as  k, - >(1  where  1  is  the  scaling  factor,  dw 

integral  with  respect  to  r  can  be  considered  to  represent  a  zero-order  asymptotic 
Hankel  transform  with  the  new  wavenumber  (1  Note  that  this  scaling  factor 

^iproximately  stands  for  cos^  since  l^«  1. 

2.  This  transform  then  operates  on  the  range-dependent  function  Fir,8;$)  defined  by 


Figure  4-3:  Wavenumber  and  its  components  projected  in  the  radial  and 
azimuthal  directions. 
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where  t  ^  may  be  legaided  as  tte  weight  of  the  Fourier  coefficients  in  diis 
aeries.  Inside  this  weighting  function.  S  plays  the  role  of  a  parameter  ccmtrolling  this 
fhncticm. 

Li  onter  to  have  more  insight  into  Eq.(4'18).  let  us  eaqiress  this  equaritm  using 
fe.,  die  horizontal  wavenumber  component  perpendicular  to  ib,  (see  Hgure  4-3).  Asr 
and  and  as  0  and  n  are  both  pairs  of  ctmjugate  variables,  die  arc  length  t  is  also 
cmgugate  to  ib^.  In  the  Fourier  transform,  ib^  coirespmids  to  in  die  same  manner 

as  n  corresponds  to  '-idfdO.  On  the  other  hand,  we  have  the  following  relation  from 
i*0r: 


ld_^± 

r  90  dt  ' 


(4-19) 


Thus,  by  combining  these  two  relations,  it  is  immediately  seen  that  kg  and  n  are  related 
by  kf  *  f^r.  Using  this  relation,  Fir,S;6)  can  be  rewritten  in  terms  of  k,  and  /,  instead 
of  n  and  d,  as 


F(r,S-,0)*  £C^(r.« 


(4-20) 


where  C^(r,d)  *C.(r,d). 

Since  Jb^»  1  is  satisfied,  the  weighting  function  with  Q  s  -\{kjk,  -Sf 

becomes  a  rqiidly  oscillating  function  except  fox  its  stationary  points.  These  points, 
denoted  by  ib^,  can  be  easily  determined  by  solving  [70,73] 
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and  the  primazy  contributitHi  to  F(r,S;$)  occun  around  these  points.  Hence,  if  we  fix  5 
as  ? ,  fix  ^  as  0+ 7,  in  Eq.(4-20).  then  this  weighting  function  filters  out 

components  only  around  ^k,),  which  yields 


(4-23) 


where  C|^(r.  fi)  is  the  Fburier  coefficient  fOT  (see  Figure  4-4).  this  component 
of  the  given  pressure  is  small,  Cj^{r,6)  0.  then  we  have  F(r,7;fi)  •  0  from  Eq.(4- 


23)  and,  ccmsequently,  it  follows  that  we  have  gik,,Z',f^0)  •  0  for  this  specific  7. 

The  above  approximadon  holds,  even  when  using  n  instead  of  it,,  aiid8oEq.(4-22) 
and  Eq.(4-23)  are  rewritten  as 


n,^Sk,r  .  (4-24) 

and 

F(r, J;e)  -  Q/r.fi)  ,  (4-25) 


respectively.  We  see  that,  when  deriving  Eq.(4-25)  from  Eq.(4-18),  k^  is  placed  in  die 

denominator  in  the  expcmential  term  as  ccmipared  to  being  placed  in  the  numerator  in 
Eq.(4-20).  But,  recalling  that  n  ~  it/,  the  term  n  is  of  order  r  and  consequoidy  the 

exponential  term  in  Eq.(4-18)  turns  out  to  be  proportional  to  it/  in  die  same  w$y  u 
Eq.(4-20).  Thus  we  can  utilize  the  stationao'  phase  method  in  using  n. 

A 

When  changing  the  value  of  S,  F(r,o;d)  varies  approximately  in  accordance  with 
Eq.(4-2S)  and  has  its  maximums  at  where  CJinB)  is  maximum.  Physically  this 


Figure  4-4:  Schematic  illustration  of  the  Fourier  coefncient  |c,(r;^)|,  which  has  its 
local  maximum  at  n, .  This  can  also  be  represented  in  terms  erf'  by  using  k,  •  r/n . 
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means  that  each  matches  the  propagating  directioa  of  the  major  phase  front  associated 
with  dm  modes  at  die  observing  point  (r.d).  Thus  each  Sg  represents  die  horizontal 
refracdon  angle  of  the  local  modes  at  (r,d).  In  order  to  find  those  Sn,  F(r»S;6)  in 
Eq.(4-18  )  or  gik„6;r,0)  in  Eq.(4-17)  has  to  be  evaluated  by  changing  5,  but  it  is  not 
straightforward  as  mentioned  in  Secdtm  4^.1. 

Instead,  let  us  take  the  variation  of  f'(r.5:d)  with  respect  to  5.  To  do  this  in  a 
simple,  ^^ximate  manner,  one  can  differentiate  F(r,S;$)  in  Eq.(4-18)  with  respect  to 
6  after  a  Taylor  expansion  of  the  weighting  functitm  and  then  keep  the  leading  term: 

.  (4-26) 


The  above  may  be  approximated  then  by  the  angle  satisfying  ^FlBS\  s  0.  In  diis 
process,  however,  cannot  be  determined  independendy  of  k,.  since  this  variable  is 
involved  in  Eq.(4-26).  To  rqnesent  this  condition  in  terms  of  k,,  as  well  as  5,  one  can 
^iply  die  zero-order  Hankel  transfcnm  with  the  same  window  to  Eq.(4-26),  after 
dividing  it  by  k,r,  yielding 


•  0 


(4-27) 


Owing  to  this  ^iproximaticm,  the  FFT  is  now  available  for  use  in  Eq.(4-27).  From  this 
result,  we  can  approximately  determine  the  horizontal  refraction  angles  6^  in  connection 
with  the  local  eigenvalue  or  local  mode.  As  presented  in  Item  1  on  page  105,  we  changed 
the  scale  of  the  wavenumber  by  a  factor  of  1-  when  operating  with  the  zero-onkr 

asymptotic  Hankel  transfonn;  therefore,  the  k^-scale  of  its  output  spectrum  has  to  be 
multiplied  by  die  reciprocal  cH  this  factor.  By  this  process,  we  can  correct  the 
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unkrestimated  peak  iK>sition  obtained  by  using  the  zeio-onio’ asymptotic  Hankel 
tnnsfonn  with  a  sliding  window. 

fa  diis  section,  we  ^^lied  the  genenl  Hanlml  transform  widi  a  sliding  window  to 
noo-cylindtically  symmetric  fields  in  an  attempt  to  detennine  die  local  eigenvalues  in  a  3- 
D  varying  waveguide.  By  expanding  die  general  Hanke!  transfonn  in  a  Taylor  series,  we 
fouml  that  the  first  term  conesptmds  to  die  same  form  as  that  obtained  far  the 
cylindrkally  symmetric  waveguide  in  Quqiter  3;  die  rest  of  the  terms  take  on  a  form 
given  by  ^iplying  die  zeroHxder  Hankel  transfonn  with  a  sliding  window  to  die  pressure 
field  differentiated  with  respect  to  the  azimuthal  angle.  Therefore,  if  these  terms  are 
small  enough  to  neglect,  then  the  effect  of  horizontal  refraction  is  negligible.  If  it  is  not 
so,  we  have  to  take  into  consideration  the  horizoital  refraction  effect  by  evaluating  the 
general  Hankel  transform  with  a  sliding  window. 

Since  we  caniKX  use  the  FFT  when  executing  the  general  Hankel  transform,  we  tried 
to  evaluate  it  analytically  in  an  api»t>ximate  manner.  By  resorting  to  the  stationary  phase 
method,  we  derived  an  approximate  form  for  this  transform.  B  was  then  found  that  the 
Fdurier  coefficients  play  the  role  of  a  filter  for  ^  or  9  to  match  the  directicm  of  die  major 
phase  front  Based  on  this  analysis,  we  found  a  method  for  determining  die  horizontal 
refraction  angle  approximately  by  taking  the  first-order  variation  of  this  transform  with 
respect  to  Hnally,  by  utiliang  a  scaling  factor,  we  can  compensate  for  the 

deficit  in  wavenumber  that  is  obtained  when  using  die  zeroorder  Hankel  transform  in  a 
■  »D  varying  waveguide. 

fa  the  next  secticxi,  by  exploiting  an  alternative  farm  of  the  2-D  Fourier  transform, 
we  will  examine  the  effect  of  horizontal  refracticHi  on  the  zero-order  asymptotic  Hankel 
transform  with  a  sliding  window  when  employing  it  in  a  non<ylindrically  symmetric 
waveguide. 
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43  Stady  of  the  horixontal  rcfrtctioD  cffTect  using  an  alternative  repreaentation 
hi  Section  43,  we  studied  Oe  effect  of  horisontal  lefractioo  by  qi|dying  die  graenl 
Hankel  ttansfocin  widi  a  diding  window  to  die  pressure  field  in  a  3-D  varying  waveguide. 
In  this  sectioo,  we  will  re-examine  diii  effect  but  will  use  an  alternative  representstioo  of 
a  2-D  Fourier  trsndbnn  with  die  same  diding  window  in  a  cylindrical  coordinate  system. 
The  pinpose  of  this  section  is  to  afford  a  better  understanding  of  the  role  of  die  variabk 
f  (or  d)  in  the  2-D  Fourier  tiansfann  in  connection  widi  die  horizontal  refraction  efltect. 

To  do  this,  let  us  first  aeparate  die  pressure  field  into  its  constituent  inodes  widi  the 
use  of  the  vertical  receiver  amy  fixed  at  niOu  discussed  in  Cluq;Mer  33.  TheouQiotof 
die  mode  filter  g,(r,d,z)  for  the  nth  mode  can  be  eiqatssed  as 

.  (4-28) 

where  die  phase  5.  represents  die  accumulated  phase  along  die  horizontal  ray  padi  s  for 
die  nth  mode  on  the  x-y  plane: 

0)  *  K,ds  .  (4-29) 

Recalling  the  relation  in  Eq.(4-1),  we  can  define  die  average  eigenvalue  as 

S.(r,d)*rK.(r,d)  ,  (4-30) 

because  the  range  r  dcc‘i  rot  represent  the  exact  integration  path  length  s.  A  Ta^or 
txpansioo  of  K^(r,0)  widi  respect  to  the  azimuthal  angle  around  which  is  die  center 
direction  of  die  window  y^'ds 


-  aJirA  +PJin0)  (o-eyh- 


(4-31) 
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(4-32) 


Now  let  us  operate  oo  Eq.(4-3S)  with  a  2-D  Fourier  transfonn  with  the  same  window 
usedinEq.(4-2): 

(4-36) 

where  the  funcdonal  notation  of  7  has  been  mnitted  for  simplicity.  For  convenience,  let 
os  ejqntss  the  phase  term  inside  the  6-integrai  in  Eq.(4-36)  as  k/(l,  widi  (2,(9)  defined 

by 

fi.(«.»')«^(^-ft-cos(6-f)  .  (4-37) 
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Then,  owing  to  » 1,  we  can  utilize  a  staiicmaiy  phase  mediod  [70.73]  for  diis  integnd 
MMldtonnine  the  stationary  point  from  dae  condition  satisfying 


•fsin(8«-f)s0  . 


(4-38) 


By  solving  diis  equation  for  we  have 


(4-39) 


Use  of  6,  akuig  widi  Ote  fonnula  of  the  stationary  phase  method  given  by 

Eq.(3-S3)  yields 

x«  I  ^  ^ ^  ^  ^ 


Since  |^•(^)| « due  to  the  assumption  of  gradual  variation  of  the  medium,  we  may 
use  die  following  approximation  in  Eq.(4  40): 


(441) 


and 


(442) 


As  a  result.  Eq.(440)  becomes 
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(4-43) 

where  we  changed  ihe  integratioa  range  in  die  same  way  as  in  Section  42.2  and  ^ipstn- 
imated  the  amplitude  tenn  as  i^,  ($/»$)  •  n,  (^,0)  and  A^(r»0^)  ■»  A,(r,f)  by  dropping 
E4>(4-39)  because  ai  its  negligible  ^ecL  But  we  cannot  neglect  it  in  the 
phase  tenn.  As  discussed  in  die  previous  secdcxi.  if  we  can  match  p  to  die  propagadoo 
diiectioo  of  the  phase  front  associated  with  die  mh  mode  at  the  observing  point 
dien  die  exact  wavenumber  for  die  local  eigenvalue  may  be  obtained  from  Eq.(4-43). 

Therefore,  let  us  study  die  effect  of  horizcmtal  refraction  by  qiecifying  die  values  of 
p  in  die  form  of  a  2-D  Fburier  transfonn  pven  by  Eq.(4-43). 


By  setting  p  «  9  in  Eq.(4^3),  we  have 

g(k,,0;f,0)  -  jr  xt(r.f)A.(r.9)e  l  JVrdr  ,  (4-44) 

or,  using  the  definition  ^,(r,^)  * 

f(*^,B;f.^)-’^— Lui(r,f)fl,(r.fo«  e"^Virdr  .  (4-45) 

where  Va(3t0)  s  1  has  been  employed.  It  is  observed  that  Eq.(4-4S)  differs  from  the 
aeto-onler  asymptotic  Hankd  transform  in  Eq.(3'30),  which  was  obtained  for  die 

cylindrically  symmetric  case,  by  a  factor  of  e  ^  the  sign  td’ die  exptmential  term  is 
positive,  then  we  can  obtain  the  peak  position  close  to  the  local  eigenvalue  as  will  be 


detailed  in  Item  3.  But,  in  this  case,  we  <^tain  an  underestimate  value  from  die  peak 
podtioo  in  the  output  q)ectnun  of  Eq.(4-4S)  as  explained  in  Item  3  again. 


a.  cutrf  AW/a*, 

tfweaet 


dien  it  follows  from  Eq.(4-43)  diat 


(4-47) 


udieie  in  the  argument  for  Vq  and  has  been  neglected  in  the  same  manner  as  in 
deriving  Eq.(4<43).  If  we  rewrite  Eq.(4-47)  by  using  ^.(r,  d),  it  fdlows  duu 


g(*,.d+ 


(4^8) 


Here  we  notice  that  the  right-hand  side  of  Eq.(4-48)  is  equivalent  to  the  zero-onkr 
asymptotic  Hankel  transfoim  with  the  sliding  window  in  Eq.(3-30),  which  was  obtained 
in  die  cylindrically  symmetric  waveguide.  As  stated  in  Section  4.2,  the  peak  position 
determined  Cmn  this  spectrum  is  always  underestimated  due  to  the  horizontal  refraction 
effect 

S-Cueoff^-t-AW/tr 

By  noticing  that  fi,  conesponds  to  k|(s  a/r),  the  wavenumber  cmnpcment  in  the 
azimuthal  direction  defined  in  Section  4.2,  we  can  predict  the  refraction  angle  Smp~~0 
from  Eq.(4-27)  as: 
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(4-49) 


This  lelatioo  can  also  be  understood  from  a  physical  point  of  view  if  A,  •  r..  As 
illustrated  in  Hgures  4-1  and  4-3,  if  the  phase  6ont  associated  widi  die  nth  mode  insses 
dirough  the  observation  point  (r.9),  then  ^  s  ^  0  is  related  to  the  wavenumbers  k,  and 
P,  as  PJk,  •  tan^  •>  5.  Here  the  horizontal  refraction  angle  5  is  considered  relatively 
small.  Thus  employment  of  this  relation  in  Eq.(4-43)  yields 


-Jr  dr 


(4-50) 


or,  equivalently  by  using  q,(r,d)  *  A,(r,6)e^^'\ 


g(*,.d  +  “;^d) — 7-— r  Ht(r,f)^,(r,d)e 


(4-51) 


As  pointed  out  in  Section  4.2.1,  we  cannot  evaluate  Eq.(4-51)  using  the  FFT  due  to  the 

j&m 

term  t  ^  .  But  Eq.(4-Sl)  can  be  evaluared  in  an  approximate  manner  as  follows.  First, 
let  Eq.(4-Sl)  be  rewritten  as 


M.S+|ir.9)- 


•^dr 


(4-52) 


If  we  replace  fijk,  with  S  in  Eq.(4-52),  then  the  resulting  form  can  be  identified  with 
the  integral  with  respect  to  r  in  Eq.(4-17).  Thus,  following  the  description  in  Item  1,  page 
105,  we  can  consido'  Eq.(4-52)  as  a  zero-order  Hankel  transform  with  a  sliding  window 


by  changiiig  the  scale  of  A,  by  a  factor  of  1  Since  ^  is  a  functioo  of  the  above 
staleincm  is  not  completely  conect;  but,  we  can  fix  A,  in  )  by  giving  some 

approodmaie  value  ( 7.(r))  that  is  close  to  the  exact  local  eigenvalue  r,(r).  For 
example,  we  can  use  die  peak  positkn  in  the  ooqiut  qiectnim  of  Eq.(4>48)  for  7»(r).  Of 
course,  diis  is  not  an  exact  local  eigenvalue,  but  r.(r)-F.(r)  isofsecondoeder,  sodiis 
dioice  does  not  affect  much  to  leading  osda.  Mote  singly,  if  we  fix  /?.(r)  in 

Eq.(4>52)  as  dien  die  scale  factor  abo'.  ^  can  be  immediately  calculated  and  the 
local  eigenvalue  at  the  observadmi  pmnt  r  is  aj^mnimately  given  by 

.  (4-53) 

Thus  the  above  procedure  can  be  summarized  as  follows:  (1)  First  we  ^>ply  die  zero- 
order  asymptotic  Hankel  transform  with  a  sliding  window  to  the  ouqiut  of  die  mode  filter 
even  in  a  horizontally  refracting  environment;  and  (2)  We  compensate  for  die 
underestimated  output  by  using  fi,(r)  as  shown  in  Eq.(4-53)  to  obtain  die  local 

eigenvalues. 

Of  particular  interest  is  diat,  as  seen  fttmi  a  comparison  of  Eq.(4-46)  and  Eq.(4-49), 
the  zero-order  asymptotic  Hankel  transform  in  Eq.(4-48)  coneqionds  to  die  2-D 
tranfform  obtained  when  adjusting  by  one-half  of  the  deflection  angle,  Le., 

The  deficit  in  adjustment  fat  p  results  in  an  underestimate  for  the  local  eigenvalue  as 
shown  in  Eq.(4-S3). 

A 

As  noted  in  hem  1  (page  1 15), /.e.,  die  case  of  the  underestimated  amount 
becomes  Pl/ic^  because  of  the  factor  e  ^  ,  which  differs  from  e  by  ^*/r,  in 
die  exponent  So  this  factor  serves  to  increase  the  deficit  in  the  peak  position  in  die 
ouqiut  spectrum. 
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In  the  next  section,  the  result  in  Eq.(4-S3)  will  be  compared  numerically  to  the 
results  obtained  using  the  general  Hankel  oansfonn  in  Section  4J2.  The  method  used  in 
diis  sectimi  would  nm  be  practically  applicable  to  real  data,  because  we  cannot  expect  to 
obtain  the  stable  phase  difference  due  to  the  effect  of  noise.  In  this  section,  we 

focused  rather  tm  die  analytical  descr^ition  ai  horizontal  refraction  deriving  an 

alternative  representatimi  with  die  use  of  die  phase  difference  ^,(r)  in  die  different 

azimuthal  angles.  We  also  compared  the  resulting  transform  to  the  zercMirder  asymptotic 
Hankel  transform  with  a  sliding  window  and  found  diat  the  underestimated  ammint  for 
die  local  eigenvalue  in  the  latter  transform  can  be  expressed  in  terms  of  the  phase 
difference  /?.(/*). 

4,4  Analysis  of  simulated  data 

In  this  section,  we  will  examine  numerically  the  methods  obtained  from  the  previous 
sections  to  determine  the  local  eigenvalues  in  a  3-D  varying  waveguide.  Here  wt  will 
utilize  a  non-cylindrically  symmetric  pressure  field  which  is  simulated  by  using  the 
horizontal  ray  method. 

4.4.1  Bottom  ravironment  and  field  simulation 

We  will  use  a  wedge-type  bottom  as  shown  in  Hgure  4-S.  The  range-dependent 
parameters  characterizing  die  bottom  sediment  are  given  as  a  function  of  the  x-coordinate 
(xily,  so  that  the  ocean  environment  does  not  change  in  the  y-directitm.  As  for  the  bottom 
change  in  the  x-direction,  we  set  the  same  variation  used  for  the  bottom  model  in  Chapter 
3.4.  Hence  Hgures  3-9  through  3-14  hold  true  for  the  current  bottom  model  by  replacing 
the  variable  r  with  x.  If  we  employ  the  same  source  whose  frequency  u  75  Hz,  dien  we 
have  the  equivalent  local  modes  at  r=0  as  shown  in  Rgures  3-15  and  3-16.  In  this  ocean 

environment,  the  local  modes  also  depend  on  the  range  x  only  and  remain  unchanged  in 
tire  y-direction.  Thus  die  local  eigenvalues  Jir.(x)  take  on  the  same  values  as  those  in 
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Hgure  3*18.  The  pressure  field,  however,  is  different  frran  that  in  Chapter  3.4  due  to  the 
effect  oi  hcvizontal  refiraction,  as  explained  in  Chapter  2.  To  acct^nmodate  diis  effect  in 
the  field  simulation,  we  can  use  the  horizontal  ray  theory  that  was  described  in  Chapter 
2.4. 

Since  ir,(x)  has  already  been  given  along  the  x>axis  by  solving  the  depth  equation 

for  each  local  mode,  the  horizontal  ray  path  associated  with  this  mode  can  be  easily 
determined  by  tq>plying  jc,(x)  to  the  ray  equation  defined  by  Eq.(2-16).  Then  we  can 
calculate  the  phase  by  integrating  ir,(x)  along  this  ray  path  and  thus  obtain  the  pressure 
field  by  using  Eq.(2-17). 

Hgure  4-6  represents  the  contour  map  fin*  the  hraizontal  refraction  angle  of  the 
third  mode  with  respect  to  the  range  r  and  azimudial  angle  6  of  the  observadcm  point 

we  chose  only  to  show  the  third  mode  because  it  is  representative  of  the  other 
modes.  From  this  figure  it  can  be  seen  that  horizontal  refiaction  takes  place  most 
strongly  around  6^70*  fixnn  thex-axis.  When  we  fix  the  azimuthal  angle  to  be  70*. 
Figure  4-7  shows  the  refraction  angle  S,  for  different  modes.  As  seen  fiom  this  result,  in 

general,  the  higher  the  mode,  the  stronger  the  horizontal  refraction.  The  angle  of 
horizontal  refraction  is  one  of  the  unknown  variables  that  we  have  to  infer  by  tqtplying 
the  general  Hankel  transform  with  a  sliding  window  to  the  pressure  field. 

Before  proceeding,  it  would  be  of  interest  to  compare  the  field  obtained  by  the 
horizontal  ray  method  with  the  field  given  by  the  Nx2D  method,  because  the  difference  in 
die  results  of  these  two  methods  is  due  to  the  horizontal  refraction  as  discussed  in  Chapter 
2.  Hgure  4-8  compares  these  two  fields,  which  are  simulated  using  the  first  five  modes, 
in  the  azimuthal  direction  of  70*.  The  overlap  of  the  two  curves  demonstrates  dial  the 
pressure  field  is  almost  equivalent,  and  thus  the  Nx2D  method  can  provide  a  good 
approximation,  as  far  as  the  amplitude  of  the  pressure  field  is  concerned.  In  the  present 
example  no  substantial  difference  occurs  because  the  pressure  field  is  dominated  by  the 
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Figure  4-7:  Comparison  of  horizontal  refraction  angles  for  different  modes  when  setting  the  azimuthal  direction  at  70*. 


Figure  4-8:  Comparison  of  the  pressure  Tields  simulated  by  the  horizontal  ray 
method  and  the  Nx2D  method  when  setting  the  azimuthal  direction  at  70*. 


Figure  4-9:  Comparison  of  the  phases  of  the  third  mode  simulated  by  the  horizontal 
ray  method  and  the  Nx2D  method  when  setting  the  azimuthal  angle  at  0  ^  70* .  Both 
phases  are  modulated  as  <P(r,  6)  <P(r,  0)  -  k^r  with  -  cu/cq  and  Co=1660  m/s. 
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lowest  two  inodes,  which  have  relatively  weak  hcrizcmtal  refraction  as  seen  from  Hgure 
4-8. 

If  we  dxx>se  the  third  mode  alone  and  compare  its  phase  as  obtained  from  the 

horiaop*"^  ray  method  and  die  Nx2D  method,  dimi  die  difference  in  diese  two  jduues  can 
be  clearly  observed  for  ranges  over  3000  m,  as  shown  in  Hgiire4>9.  Noiediatbodi 
phases  are  modulated  as  <^(r,0)  -4  widi  s  m/Co  snd 

c^«1660  m/k,  in  order  to  effect  the  compariscm.  As  discussed  in  Section  4.1,  die 
difference  in  die  phase,  or  more  specifically,  die  spatial  frequency  OKvizontal  wave- 
numberX  plays  an  important  role  in  describing  die  horizontal  refraction  accurately  for  a 
particular  mode. 

4.4J  Application  of  the  goieral  Hankd  transform  with  a  sliding  window 

Now,  we  will  try  to  determine  the  local  eigenvalues  in  this  horizontally  reacting 
environment  by  applying  the  general  Hankel  transform  with  a  sliding  window  to  the  ntm- 
cylindrically  symmetric  field  simulated  above. 

In  the  first  stage,  let  us  assume  that,  due  to  measurement  limitations,  the  pressure 
field  p(r,$)  is  given  only  in  the  radial  direction  at  selected  azimuthal  angles, 

azimuthally  every  A6  (see  Hgure  4-2(Xa)).  Thus,  when  calculating  the  Fourier 
coefficient  C,{r,0)  in  Eq.(4-6)  using  the  FFT,  the  sampling  interval  in  azimuthal  angle  is 

automatically  limited  to  AO.  Consequendy,  the  sample  distance  rAO  in  the  aamuthal 
direcdon  increases  with  increasing  range  r,  and  at  some  range  violates  the  Q)atial  Nyquist 
critoion  [80].  As  a  result  of  aliasing  errors,  the  general  Hankel  transform  based  on  C, 

does  not  work  prc^rly  beyond  this  range.  Therefore,  for  this  transform  to  petfonn 
conecdy,  there  must  exis-  s  maximum  range,  which  depends  <m  A0  and  also  the  degree 
of  horizontal  refraction  of  the  field.  This  problem  will  be  discussed  in  the  next  sectimi. 
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Since  horizontal  iefinctu»  occurs  most  stnmgly  in  an  azimudial  dizectioo  around 
70*.  as  seen  from  Figure  4-6,  we  will  examine  die  performance  of  the  general  Hankel 
tnnsfonn  by  setting  the  center  of  the  azimuthal  window  in  diis  direction. 

Before  dcnng  this,  let  us  show  diat  we  have  a  deficit  in  the  peak  position  of  die 
ouqiut  spectrum  due  to  the  effect  of  hocizmtal  refraction  if  the  zero-order  Hankel 
transform  widi  a  sliding  window  is  qiplied  to  die  pressure  field  in  diis  directiocL  Hgure 
4-10  compares  the  local  dgenvalue  of  the  diird  mode  and  the  peak  position  obtained  by 
using  die  Hanning  window  widi  LslOOOm  diat  is  slid  every  SO  m.  Here  the  pressure 
field  for  the  third  mode  has  been  separated  by  mode  filtering  with  the  use  of  a  vertical 
array  of  receivers  that  is  placed  at  rs  0  as  shown  in  Hgure  3-23.  We  (diserve  that  die 
deficit  in  the  horizontal  wavenumber  increases  in  accordance  with  the  increase  of  the 
horizontal  refraction  angle.  To  confirm  diis,  die  deficit  is  plotted  in  Figure  4-11  and  is 
compared  with  ir,  -  ir.cos^.,  where  6.  is  die  horizontal  refiraction  angle  shown  in 

Figure  4-7. 

As  discussed  in  Secticm  4.1,  what  is  required  in  the  first  place  is  to  determine  die 
horizontal  refracticm  angle  for  each  mode  at  various  ranges.  When  setting  die  center 

of  the  window  is  0-  IQP  and  f  s  4250  m,  the  window  length  as  12  « 10^  and 
L  - 1000  m,  and  A0  - 1",  Hgure  4-12(a)  shows  the  value  oi the  left-hand  side  in  Eq.(4- 
27)  with  respect  to  both  the  horizontal  wavenumber  and  the  reaction  angle  S.  As 
k»g  as  the  ridge  conespcmding  to  each  mode  is  separated  far  enough  qiart  to  avmd 
interference  from  each  other,  the  prc^guitm  direction  of  die  phase  front  associated  widi 
each  mode  can  dien  be  determined  from  the  angle  Sj,  at  which  die  value  in  Eq.(4-27) 
takes  a  local  minimum.  In  Figure  4-12(a),  we  can  find  8g  for  the  first  and  second  modes 
but  it  is  hard  to  locate  the  angle  Sg  for  the  third  through  fifth  modes  due  to  interference. 
In  particular,  the  ridge  associated  with  the  fourth  mode  is  completely  buried  in  die  tail  of 
adjacent  modes  and  cannot  be  recognized.  In  mder  to  improve  this  situation,  we  can 
increase  the  window  length  L.  Figure  4-12(b)  shows  the  result  for  L  s  ISQO  m. 


126 


Figure  4-10:  Comparison  of  local  eigenvalue  and  peak  position  that  is  obtained  by  applying 
the  zero-order  Hankel  transform  with  the  sliding  Hanning  window  with  length  L=1000  m  to 

the  pressure  field  in  the  azimuthal  direction  6  -  70* .  The  pressure  field  for  the  third  mode 
has  been  separated  by  mode  filtering  with  the  use  of  the  vertical  array  in  Figure  3-23. 
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Figure  4-11:  Comparison  of  the  deficit  in  the  wavenumber  in  Figure  4-10  and  the  exact 
value  ( ic,  -  r,  cos  6„ ). 


127 


Aldiou^  we  0(Kild  improve  Ae  pieciskm  of  the  angle  for  die  third  and  fifth  modes. 

6t,  for  die  fourth  mode  is  sdll  hard  to  localize. 

Thus,  as  we  had  shown  previously  in  Quqiter  3,  we  need  to  separate  die  pressure 
field  by  modes  before  ^iplying  the  above  transform.  By  incorporating  data  from  die 
vertical  array  shown  in  Rgine  3-23,  we  can  perform  mode  filtering.  Hgures  4-13(a)  and 
4-13(b)  show  die  results  for  the  second  and  third  modes,  respectively,  when  inlying  the 
transform  widi  L  « 1000  m  after  the  s^aradon  of  modes:  diese  two  modes  are 
iqnesoDtative  of  ones  having  leladvely  strong  and  weak  lefraction,  teqiecdvely,  as 
shown  in  Figure  4-7.  As  seen  from  die  results  in  Hgure  4-13(a)  and  4-130>),  we  can 
easily  find  in  die  single  mode  situatkm. 

Here  it  would  be  cf  interest  to  examine  the  value  of  die  Fourier  coefficient  C.  (n  . 
In  accordance  widi  Eq.(4-24)  and  Eq.(4-25).  as  discussed  in  Section  4.2.3,  this  coefficient 
takes  tm  its  maximum  value  at  found  above,  where  die  qiectrum  oi  die  general 
Hankel  transform  takes  its  maximum.  Figure  4-14  shows  die  absolute  value  of  C.(r,B) 

at  die  same  range  (r  »  4250m)  after  the  separation  of  modes.  In  this  figure,  die 
coefficients  at  the  other  ranges  are  also  compared,  where  each  |c,(r,B)|  is  normalized  so 

that  its  maximum  value  becomes  one.  In  die  same  manner.  Figure  4-15  shows  the  range 
evolution  of  |c,(r;9)|  in  the  azimuthal  directicm  $  ~  70**.  It  can  be  observed  that  n,,  at 
which  |c,(r,9)|  takes  on  its  maximum  value,  varies  with  range. 

Let  us  next  examine  the  maximum  range  for  the  general  Hankel  transform  to  work 
properly  when  changing  the  sampling  distance  d9  in  the  azimuthal  angle.  Hguie  4-16 
shows  this  result  for  the  different  A9  and  also  compares  with  the  exact  refraction  angle 
ofthehorizxmtalray  (d.).  As  discussed  in  the  beginning  of  this  subsection,  the 

maximum  range  for  this  transform  to  hold  true  decreases  with  increasing  A$.  From  the 
qiatial  Nyquist  rate  that  is  given  by  x/ir.sindj,,  we  can  see  that  the  results  in  Figure  4-16 

match  roughly  this  condititm. 
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Figure  4-14:  Comparison  of  Ihe  Fourier  coefficients  |c„(r;e)|  at  the  different  ranges  when  setting  the  center  directi 
of  the  Hanning  window  as  0  -  70*.  The  pressure  field  for  the  third  mode  has  been  separated  by  mode  filtering. 
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Figure  4-15:  Range  evolution  of  the  Fourier  coefficient  jc,(r;0)j  along  the  radial 
with  the  fixed  azimuth  0  -  70’ .  The  pressure  field  for  the  third  mode  has  been 
separated  by  mode  filtering. 
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Figure  4-16;  Comparison  of  the  angles  d„  satisfying  Eq.(4-27)  for  different  sampling  widths  A0.  The  center  direction 
of  the  Hanning  window  is  set  at  0  -  70* .  The  exact  angle  ( 6,)  of  the  horizontal  ray  direction  is  also  shown. 


In  Hgine  4-17  we  c(mipare  the  results  for  different  window  widths  with  a  fixed 
^9(a*2*).  We  cannot  find  a  substantial  difference  among  them  at  the  range  which 
satisfies  Ae  Nyquist  criterion.  On  Ae  oAer  hand,  when  the  range  gets  close  to  the 
maximum,  the  result  shows  that  Ae  narrow  window  widA  loses  its  precision  faster  Aan 
Ae  wide  window. 

As  discussed  in  Chapter  4.2.3,  we  can  cmnpensate  for  the  underestimated  peak 
position  by  using  a  scale  factor  1-^^^,  where  Ae  refiaction  angle  has  been  obtained 
above.  Figure  4-18  shows  a  compariscm  of  Ae  compensated  amount  in  a  wavenumber 
using  Sji  and  Ae  exact  wavenumber,  t.e.,  r.  -  ir,cos5,.  In  the  same  figure,  the  results 

for  different  A$  are  also  compared.  Due  to  Ae  failure  in  Ae  determinaticm  of  as  seen 
fiom  Figure  4-17,  we  have  an  incorrect  result  beyond  Ae  maximum  range  which  depends 
on  AO. 

In  the  final  stage,  we  apply  Ae  alternative  meAod  discussed  in  Chapter  4.3  to  Ae 
simulated  field.  In  this  meAod,  it  is  assumed  that  we  can  obtain  Ae  phase  difference  of 
the  output  signals  of  Ae  mode  filter  which  is  applied  to  the  pressure  field  along  adjacent 
radials  separated  by  Ae  azimuthal  widA  AO.  Figure  4-19  shows  Ae  results  of  Eq.(4-53), 
f.e.,  for  Ae  different  azimuAal  widAs  AO.  In  this  figure,  the  exact 

wavenumber  ir,  -  x;  cos  is  also  compared.  It  can  be  observed  that  Ae  error  increases 

wiA  increasing  widA  AO.  As  seen  from  a  comparison  of  Ae  two  curves  of  A0^55*~70* 
and  8S*-70*,  Ae  error  has  a  different  range  dependence  even  for  Ae  same  widA  I  A0\. 
This  is  due  to  Ae  fact  that  Ae  modal  phase  front  has  a  different  behavior  in  accordance 
wiA  Ae  local  characteristics  of  Ae  ocean  environment,  as  shown  in  Figure  4-6. 

As  seen  from  a  comparison  of  Figure  4-18  and  Figure  4-19,  boA  meAods  provide 
close  results  for  determining  Ae  deficit  in  Ae  wavenumber,  as  long  as  Ae  obsmvation 
range  is  within  Ae  maximum  range  associated  wiA  Ae  Nyquist  criterion. 

In  Ae  next  section ,  let  us  examine  Ae  relation  between  this  maximum  range  and  Ae 
sampling  widA  in  Ae  azimuAal  direction. 
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Figure  4-17;  Comparison  of  the  angles  6„  satisfying  Eq.(4-27)  for  the  different  widths  Q  of  the  Hanning  window 

A 

The  sampling  width  is  set  at  Ad  -  2*  and  the  center  direction  of  the  window  is  set  at  0  -  70* .  The  exact  angle  ( A  J  of 
the  horizontal  ray  direction  is. also  shown. 
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Figure  4-18;  Comparison  of  the  deficits  in  the  wavenumber  for  the  different  sampling  widths  A0 .  The  center  direction  of 
the  Hanning  window  is  set  at  0  -  70* .  Both  exact  values  ( ic,  -  ir^cosdj  and  deficits  in  Figure  4-1 1  are  also  compared. 
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Figure  4-19;  Comparison  of  the  compensated  amounts  in  Eq.(4-53)  for  the  different  radials.  The  center  direction  of 

the  Hanning  window  is  set  at  0  -  70* .  Exact  values  (if,  -  if,  cosd,)  and  deficits  in  Figure  4-1 1  are  also  compared. 


4J  Experlmaital  Daigp 

bi  diis  aectioQ,  we  will  piesent  an  experimental  design  for  measuring  effectively  die 
preastne  field  in  a  3>D  varying  environment  that  also  copes  with  the  horizontal  refiractioo 
effect 

As  discussed  in  Sectitm  4^  unless  the  horizontal  refraction  is  ne^gibly  weak  in  a 
3-D  varying  environment,  we  need  to  take  into  consideration  this  effect  by  using  die 
general  Hankel  transform  with  a  sliding  window.  In  this  transform,  we  first  need  to 
cakulate  die  Fourier  coefficients  C.(r,d)  in  Eq.(4-6),  which  is  given  by  executing  die 

integral  with  respect  to  6.  Thus  if  the  pressure  field  /K^9)  is  given  in  die  azimudial 
direction  in  additicm  to  the  radial  direction,  then  the  coefficient  can  be  immediately 
calculated. 

The  pressure  pir^OX  however,  cannot  be  provided  continuously  as  a  function  of 
both  range  r  and  aamuthal  angle  0  due  to  limitations  in  measurements  made  in  the 
ocean.  Namely,  we  can  measure  die  field  only  along  some  transect  sampled  by  a  moving 
riiip  or  a  buoy.  As  discussed  in  the  beginning  ci  this  chapter,  since  the  phase  front  of 
pressure  propagates  mainly  in  the  radial  direction  in  die  region  of  interest,  the 

measurement  should  basically  be  carried  out  in  the  radial  direction  at  selected  azimudi 
angles  tit  (Figure  4-2(Ka)). 

We  have  to  then  calculate  C,(r;F)  using  cmly  the  discrete  values  of  the  pressure 
fidd  (f  ~  1,...,/)  in  the  azimuthal  direction.  Since  we  can,  however,  execute  die 

integration  for  C^(n0)  in  Eq.(4-6)  by  using  the  FFT,  the  issue  to  resolve  lies  in  the 
sampling  distance  In  order  to  avmd  aliasing  errors,  this  distance  has  to  be  less  dian 
one-half  of  the  wavelength  ^^/2,  where  is  defined  as 


-  2x  In 

*r.sin5^  • 


(4-54) 
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Here  is  die  maximum  lefiectioomglc  in  the  region  of  inieiett  and  a;  is  die  local 

eifenvahie  of  the  mfa  mode  (Figiiie  4-3).  Tlie  above  spatial  Nyqinst  oooditioa  is 
CJQiiessed  as 


ae,< — tt- 

rr.sindj, 


(4-55) 


Here  we  Msrnne  diat  we  can  incoqwfate  data  from  die  verdcal  anay  of  reoeiven  atri4)  in 
Older  to  seiiaratB  die  pressure  field  by  modes.  If  this  is  not  so.  r,  has  to  be  rqilaoed  widi 
<a/c,,  where  c,  is  the  minimum  sound  speed  in  the  profile.  In  feneral,  we  can  safely  use 
die  minimum  sound  speed  in  the  water  cdumn,  yielding 


l^sin^j, 


(4-56) 


where  /  is  an  acoustic  frequency.  In  Eq.(4-56),  we  do  not  know  the  exact  5|f,  but  we 
can  estimate  it  by  uang  the  horizontal  ray  method  alcxig  widi  an  assumed  sedimentary  or 
rigid  bottom. 

As  seen  from  these  results,  we  have  to  decrease  dd,-  rriiile  increasing  the  range  r. 
For  example,  we  can  set  the  measurement  transects  in  the  ocean  as  shown  in  Figure  4- 
20(b). 

In  general,  die  higher  the  mode,  die  stronger  the  horizontal  refractioo.  Namely,  djr 

has  a  larger  value  for  die  higher  modes  in  Eq.(4-55).  Tberrfoie,  we  have  to  use  smaller 
A$i  for  those  modes  at  long  ranges.  Since,  however,  die  higher  modes  attenuate  faster 

dian  the  lower  modes,  we  do  not  have  to  design  the  measurement  strategy  for  die  higher 
modes  at  long  ranges. 

As  m  alteniative  method  with  respect  to  the  issues  discussed  above,  but  in  a  more 
iq^ximate  way,  we  first  calculate  C^iry^B)  at  selected  ranges  by  using  the  pressure 

field  p(rj^9)  (J  ^  1,...,/)  measured  along  an  arc  at  diese  ranges;  then,  C,(r;d)  can  be 
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inieipdaied  between  those  ranges  u  shown  in  Hguie  4>20(c).  To  employ  diis  t^sproacfa, 
die  single  mode  environment  based  on  mode  filtering  would  be  preferable  to  increase  die 
predsioa  of  die  inteipolatioo. 

Rnally,  if  die  horizontal  refraction  angle  is  negligibly  small.  i.e.,  dj, « 1,  dimi  we 
do  not  have  to  use  the  gnieral  Hankel  transform  and  can  4^1y  die  zero-order  Hankel 
transform  to  die  field  in  die  radial  directkm  oi  interest  in  die  same  way  as  diown  in 
Chapters. 

4.6  Summary 

hi  an  attempt  to  detect  die  local  eigenvalues  in  a  S-D  varying  shallow  water 
waveguide,  we  introduced  a  sliding  window  in  a  2-D  Fourier  transform  based  on  a 
cylindrical  coordinate  system  and  then  studied  the  effect  of  horizontal  refiacdon  on  die 
determination  of  die  local  eigenvalues. 

In  Section  4.1.  we  discussed  issues  arising  from  horizontal  refraction  in  a  3-D 
varying  waveguide.  When  inlying  the  zercKxxier  Hankel  transform  widi  a  diding 
window  to  the  pressure  field  measured  along  aradial.  die  wavenumber  determined  from 
the  peak  position  in  the  output  spectrum  has  a  deficit  due  to  horizontal  refraction. 

hi  Section  4.2,  we  derived  the  general  Hankel  transform  with  a  sliding  window  from 
the  2-D  Fourier  transform.  By  expanding  it  in  a  Taylor  series,  we  found  that  die  fint 
term  corresponds  to  the  zero-order  Hankel  transform  with  a  sliding  window,  which  was 
obtained  for  the  cylindrically  symmetric  waveguide  in  Chapter  3;  die  test  of  the  terms 
correspond  to  the  zero-order  Hankel  transfcmn  of  the  pressure  field  differentiated  with 
respect  to  the  azimuthal  angle. 

hi  order  to  analyze  the  effect  of  horizmital  refiacticm  oa  the  Hankel  transform,  we 
utilized  the  stationary  phase  method  and  evaluated  the  transform  in  an  iqiproximate 
manner.  It  was  then  found  that  the  Fourier  coefficients  play  the  role  of  a  filter  for  the 
variable  p  to  match  the  direction  of  the  majOT  phase  front  associated  with  a  mode.  Based 
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oa  this  analysis,  we  can  determine  the  horizontal  refraction  angle  ai^troximately  by 
Uddng  the  variation  of  tins  transform  with  respect  to  f .  Then,  by  changing  die  scale  of 
the  wavenumber  with  die  use  of  the  determined  refraction  angle,  it  was  shown  diat  we 
can  compensate  for  die  deficit  in  die  wavenumber  obtained  when  using  the  aeto-oider 
Hankel  transfonn  widi  a  sliding  window  in  a  3-D  varying  waveguide. 

In  Section  4.3,  in  order  to  re-examine  uialyticaUy  die  efifea  of  horizontal  refraction, 
we  derived  an  alternative  representation  for  a  2-D  Fourier  transform  by  using  die  {diase 
difference  between  die  ouqiuts  of  the  mode  filter  which  was  applied  to  the  pressure  field 
in  die  different  azimuthal  directions.  By  comparing  the  resulting  transform  with  die  zero- 
order  asymptotic  Hankel  transform,  we  demonstrated  that  the  compensated  raount  for 
the  local  eigenvalue  in  the  latter  transform  can  be  determined  by  using  the  phase 
difference  in  mode  filtering. 

In  Sectitm  4.4,  we  examined  numerically  the  horizcmtal  refraction  effect  by  ^iplying 
the  transforms  obtained  in  Section  4.2  and  4.3  to  the  pressure  field  that  is  simulated  using 
the  horizontal  ray  method.  It  was  shown  that  we  can  determine  the  horizontal  refraction 
angle  by  using  the  general  Hankel  transform,  as  l(wg  as  die  pressure  field  is  sampled  in 
the  azimuthal  direction  so  as  to  satisfy  the  spatial  Nyquist  criterion.  We  also  showed  diat 
the  deficit  in  the  wavenumber  can  be  determined  by  using  these  transforms. 

fri  Section  4.5,  we  considered  a  method  for  the  efficient  measurement  of  the  pressure 
field  in  a  3-D  varying  shallow  water  waveguide  to  deal  with  the  horizcmtal  refraction 
effect  Based  on  the  spatial  Nyquist  criterion,  the  sampling  width  in  the  azimuthal  angle 
for  die  general  Hankel  transform  to  work  properly  was  determined  in  ccmnection  widi  the 
maximum  range. 

So  far  we  have  tried  to  detect  the  local  eigenvalues  in  horizcmtally  varying 
envirmiments  in  Chapto’  3  and  Chapter  4.  In  the  next  chapter,  we  will  use  those  local 
eigenvalues  as  input  data  to  a  method  for  determining  the  range-dependent  geoacoustic 
properties. 
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Chapter  5 

Inverse  Method  for  the  Local  Bottom  Properties 


The  pinpose  of  diis  chapter  is  to  develq)  a  method  for  detenmning  the  local  bottom 
jffopeities  from  die  local  eigenvalues,  which  were  estimated  by  using  the  Hankel 
tranrfonn  with  a  sliding  window  in  Quyiters  3  and  4. 

hi  die  first  place,  we  will  try  to  understand  how  the  range  variation  of  die  local 
bottom  properties  in  die  hmizcmtal  diiectitm  affects  the  range  variation  of  the  local 
eigenvalues.  In  order  to  analyze  the  relaticm  between  these  two  variatitms,  we  begin  by 
setting  up  the  bottmn  sediment  model  in  the  following  sectitm.  Based  on  diis  bottom 
model,  we  derive  the  relation  between  the  perturbed  local  eigenvalue  and  die  pemnbed 
gooacoustic  parameters  in  Section  5.2.  To  verify  this  perturbation  relation,  we  apply  it  to 
a  range-dependent  Pekeris  model  in  Sectitm  5.3.  In  Section  5.4,  by  representing  die 
sound  speed  profile  in  each  sediment  layer  as  an  n^-linear  curve,  we  express  die 
perturbation  relation  more  explicidy  in  terms  of  sediment  parametere.  In  section  5.5, 
based  on  the  perturbation  relation,  we  develop  an  inverse  method  for  detomining  die 
bottom  parameters  from  the  local  eigenvalues .  In  Section  5.6,  we  apply  the  inverse 
method  to  the  shallow  water  model  used  in  Chapter  5.3.  We  show  that  the  geoacoustic 
parameters  can  then  be  numerically  obtained  by  solving  the  perturbation  equatitm 
iterativdy  with  range. 

5.1  Geoacoustic  modd 

Rrom  past  studies,  it  is  well  known  that  the  ocean  bottom  is  multilayered  structure 
and  some  experiments  show  the  range-dependent  variation  of  the  geoacoustic  properties 
in  the  sediment  [81,82].  With  these  studies  in  mind,  we  set  up  a  shallow  water  bottom 
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model  composed  oi  a  range-dependent,  multilayered  fluid  medium,  as  shown  in  Figure 
S-1.  We  use  diis  botumi  model  throughout  the  chapter  and  develop  an  inverse  method 
based  oo  it 

In  diis  bottmn  model,  the  sediment  in  each  layer  assumed  to  have 

different  jdiysical  pnq)eities,  so  that  the  sound  speed,  dte  density,  and  the  attenuation 
confident  may  be  disctmtinuous  across  each  layer  interface.  Widtin  eadi  layer, 
however,  die  sound  speed  is  assumed  to  vary  in  acoodnuous  manner  with  respect  to 
qiace.  This  variation  is  arbitrary  in  the  vertical  direction  but  gradual  in  die  horizontal 
direction  to  meet  the  adiabatic  condititm.  On  the  odier  hand,  bodi  die  density  and 
attenuatitm  coefficient  are  assumed  to  be  ctxistant  in  each  layer,  but  they  may  take  oo 
different  values  in  different  layers. 

Since  the  local  eigenvalues  are  provided  almig  die  radial  as  discussed  in  Chapter  4, 
die  geoacoustic  prcqierties  determined  inversely  from  diese  eigenvalues  are  limited  to 
ones  along  this  radial  only.  Hence  the  arimuthal  angle  is  only  a  parameter  for 
distinguishing  the  radial  direction  and  so  the  functional  notation  regarding  an  azimuth 
will  be  omitted  throughout  this  chapter. 

The  layer  interface  hj(r)  (l^j^  M),  therefore,  is  expressed  as  a  function  of  range 
<mly.  In  particular,  the  sea  surface  interface  h^  is  always  set  to  be  zero  in  our  model,  and 
corte^nds  to  the  bottom  interface.  Thus  die  layers  y  s  i  through  j-L-lut 
located  in  the  water  column.  Since  the  physical  properties  in  the  water  column  are 
ctmsidered  to  vary  continuously,  we  do  not  need  a  layered  structure  in  die  water  ctdumn 
in  general.  If  we  use  these  criteria,  we  can  set  L  »  2.  If  there  exists,  however,  a  water 
body  with  different  densities,  dien  it  would  be  ctmvenient  to  represent  it  using  a  layered 
structure.  In  any  case,  the  density  must  be  constant  in  each  layer  in  the  model 

For  the  same  reasons  mentioned  above,  the  sound  speed  is  expressed  as  a  function  of 
range  and  depth  only,  i.e.,  c(z,r).  In  OTder  for  the  adiabatic  conditkm  to  be  met,  |dc/^ 
as  well  as  |dhy/d>j  have  to  be  small  enough  to  make  the  mode  coupling  coefficients  small. 
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Figure  5-1;  Sh^Iow  water  model  of  non-stratified,  multi-layer  bottcnn  sediment 
with  honzontal  changes  in  sound  speed  profile. 


As  staled  in  Section  2.1,  the  branch  line  integral  stems  from  the  assumption  d 
constant  sound  velocity  in  the  lowest  layer  (half-space),  i.e.,  the  gradient  Qyd).  If  a 
small,  positive  number  is  assigned  to  Qy,  ti^n  this  branch  line  does  not  emerge  and  all 

inodes  become  discrete;  therefore,  to  avoid  the  difficulty  arising  from  conversion  between 
discrete  and  ctmtinuous  modes  in  the  propagation  process,  we  assume  gy>0  in  tiiis 

model 

Based  on  this  multilayered  sediment  bottom  model,  wc  will  develq)  a  method  for 
determining  the  geoacoustic  pr(^)erties  in  the  remaining  sections  using  a  perturbative 
approach. 

5J2  Relation  between  perturbed  local  eigravalues  and  perturbed  local  bottom  properties 
In  this  section,  we  will  derive  a  relationship  between  perturbed  local  eigenvalues  and 
perturbed  geoacoustic  parameters  by  using  linear  perturbation  theory  [43,47]. 

V^th  the  geoacoustic  model  described  in  the  previous  section,  we  can  utilize 
adiabatic  mode  theory,  as  long  as  the  sound  speed  in  the  water  column  varies  gradually. 

Since  die  density  is  assumed  to  be  constant  in  each  sediment  layer,  it  is  immediately  seen 
from  Eq.(2-8)  that  the  local  eigenfunctions  u,  satisfy 

-^+[**(r,z)-af(r)]M,(r,2)  =  0  .  (5-1) 

The  local  eigenfunctions  u,  also  satisfy  the  orthonormality  condition 

(5-2) 

and  the  following  boundary  conditions: 
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(5-4) 


^nd| 


lim 


0  • 


Eq.(S-3)  represents  a  simple  pressure-release  condition  at  the  sea  surface.  Thus  surface 
roughness  is  ignored  here,  which  should  not  incur  a  large  error  for  low-frequency  modes. 
On  die  other  hand,  the  boundary  condition  at  infinite  depth  is  based  on  the  assumption  of 
a  positive  gradient  in  the  lowest  layer.  If  instead,  then  we  confine  ourselves  to 

trapped  modes  only,  so  that  the  condition  in  Eq.(S-4)  is  still  satisfied. 

In  addition  to  the  above  conditions,  both  pressure  and  vertical  particle  velocity  must 
be  continuous  across  each  layer  interface: 


_LA|  =±^| 

P/.1  BZ  Pi  ^ 


(5-5) 


(5-6) 


where  hj-0  and  hj  +  0  refer  to  the  limit  approaching  the  layo*  interface  z^hj  from 

above  and  below,  respectively.  Although  the  continuity  of  particle  velocity  is  originally 
defined  in  the  direction  normal  to  the  interface  in  Eq.(S-6),  the  approximation  made  here 
leads  to  accurate  results,  as  long  as  the  interface  varies  gradually  within  the  framework  of 
the  adiabatic  approximation. 

First,  let  us  derive  an  integral  version  of  Eq.(5-1),  which  is  the  basis  for  deriving  the 
perturbation  relation  between  the  local  eigenvalues  and  the  geoacoustic  properties  [43]. 
Multiplying  £q.(S-l)  by  integrating  over  the  entire  depth,  and  integrating  by  parts  in 

the  first  term  yields 


Since  Ae  first  term  vanishes  due  to  Eq.(S-3)  and  Eq.(5-4),  we  (^tain  the  following  fonn: 

This  fonn  also  provides  a  foundation  for  representing  the  grcHip  velocity  associated  with 
the  nth  mode  in  an  integral  form. 

To  accommodate  the  variation  in  interface  depth  (1  ^  ^  ilf)  in  Eq.(5-8),  let  us 

rewrite  the  integration  in  Eq.(5-8)  as  fdz  ->  “ 

>1 


where  s:oo  has  been  set  for  notational  convenience.  Noting  that  each  integration 
intmval  corresponds  to  a  layer  (Ay  ^  r  ^  Ay^,).  we  have  placed  p(z)  outside  of  the  integral 

in  Eq.(5-9),  because  the  density  is  assumed  to  be  constant  within  each  layer  in  the  model. 
In  an  attempt  to  derive  a  perturbation  relation  between  the  local  eigenvalues  and  the 

geoacoustic  parameters,  we  will  perturb  Eq.(5-9).  When  the  medium  (both  water  aiui 
bottom)  changes  with  range,  f.e.,  k  k-^Ak  and  Ay-»  Ay  -^Ah^  as  r->  the  local 

eigenvalues  and  local  eigenfunctions  ate  also  subject  to  change,  j.e.,  ir.-»  k,^Ak^  and 
u,-4  thereby  making  Eq.(5-9)  change  as  described  below. 

In  order  to  avoid  ccmfusion  in  the  mathematical  development,  we  will  derive  the 
perturbation  of  Eq.(S-9)  term-by-term  and  present  each  perturbation  separately.  Later  we 
will  combine  all  the  perturbations. 


150 


1.  Range  vamtioQ  of  the  first  integral  in  Eq.(5-9) 

Taking  a  pertuxtMtirai  oi  ^  first  term  in  Eq.(5'9)  yields 


L 


fJ/f 


du,  BAu^ 
9z  dz 


(5-10) 


If  we  ctmfine  ourselves  to  first  <»der  perturbation,  then  it  follows  that  the  left-hand  side  of 
Eq.(5-10)  becomes 

^fpyV-^  L  ^  J 


(5-11) 


If  we  rewrite  the  second  term  on  the  right-hand  side  of  Eq.(S-l  1)  using  /■  y-t-l  as 


(5-12) 


du  I 

where  the  (M-t-l)  term  has  dropped  out  due  to  ~  0  in  Eq.(5-4),  dien  the  first  two 


terms  in  Eq.(5-1 1)  become 


Here  the  ^-term  has  dropped  out  due  to  ^^^=0. 
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The  third  term  in  Eq.(S-l  1)  can  be  integrated  by  pans: 


jApi\  Bz  Bz 


(5-14) 


where  Eq.(5-6)  has  been  used  in  the  last  equaticMi.  At  this  point,  let  us  apply  the  followiLg 
relation, 


(5-15) 


to  the  first  term  on  the  right-hand  side  in  Eq.(S-14).  The  proof  of  Eq.(S-lS)  is  provided  in 
Appendix  A.  Eq.(5-14)  is  then  rewritten  as 


(5-16) 


Thus  substitution  of  both  Eq.(5-13)  and  Eq.(5-16)  into  Eq.(5-1 1)  yields: 


L  *  J 


(5-17) 
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2.  Range  vaiiatkm  of  the  second  integral  in  Eq.(S-9) 

By  taking  a  perturbation  of  the  second  integral  in  Eq.(S-9),  we  find  to  first  onkr  that 


+  +Jf^'  (2k4kMf +k*2n.iiM.  +  k*i<f)drj  . 


(5-18) 


Use  of  Eq.(5-5)  after  replacement  of  the  index  (y -f  1  y)  in  die  second  teim  on  tte  right- 

hand  side  of  Eq.(5-18)  yields 


y  1 


[(k  +  Ak)Hu,  + 

i-2V 


+Z~[r'*'  ^kAkuldz + J*'*'  2k\Au,dz + k^uldz 


(5-19) 


3.  Range  variation  of  the  third  integral  in  Eq.(S-9) 

By  taking  a  perturbation  of  the  third  integral  in  Eq.(S-9),  we  find  to  first  order  that 


<f2ir.d«r. 


(5-20) 


By  using  Eq.(5-5)  after  replacement  of  the  index  (y  -i- 1  y  )  in  the  first  term  oa  the  ti^t- 

hand  side  of  Eq.(S-20),  it  follows  that 
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(r. + 

(5-21) 

Now,  by  substituting  Eq.(5-17),  Eq.(5-19)  and  Eq.(S>21)  to  Eq.(5-9),  we  obtain 


(5-22) 


where  (t*  -  kJ)**  is  the  vertical  wavenumber,  and  •nd  stamJ  for  die 
wavenumbers  on  the  upper  and  lower  sides  of  hp  respectively.  The  discontinuity  in  y,  at 
diese  interfaces  Ay  originates  frcmi  the  discontinuity  in  the  sound  speed  at  ^  At  this  point 
we  find  that  the  terms  in  the  last  two  brackets  in  Eq.(5-22)  become  zero  owing  to  Eq.(S-l) 

and  Eq.(S-8),  respectively.  Both  density  and  sound  speed  in  the  water  column  can  be 
considered  generally  to  change  ctmtinuously,  so  that  each  coefficient  of  Ah^  bomjsl 

duoug^  j-L-l  in  Eq.(S-22)  becomes  zero.  By  splitting  the  integrals  that  include  Ak 
into  the  water  regicm  and  the  bottmn  region  and  dividing  both  sides  of  Eq.(5-22)  by  2ir,, 

we  can  finally  obtain 
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(5-23) 


Ak, 


J-f* 


LV 


p>-. 


Pi 


)(iM 


Ah, 


kAkt^dz^-^Y-^f*^  kAkiidz  , 


whexe  p.  stands  for  the  water  density.  Ifweuse  and  2id/ts^.dien 

Eq.(S-23)  can  be  rewritten  u 


4*f“£ 

i^ 


Pm 

Pi 

Ah, 


(5-24) 


Both  Eq.(S-23)  and  Eq.(S>24)  show  how  the  range  variadon  of  die  local  eigravalue 
depends  on  the  range  variation  of  each  sediment  interface  depth  and  the  range  variation  of 
die  wavenumber  (sound  speed)  in  each  sediment  layer.  Thus  these  equations  can  reveal 
which  layer  interface  and  which  portion  of  the  sediment  ctmtributes  to  the  range  variadon 
of  the  local  modes.  In  the  next  section,  we  will  apply  Eq.(S-24)  to  a  range-dependmit 
Pekeris  waveguide  and  will  demonstrate  that  it  provides  an  accurate  result 

53  Range-depoident  Pdterb  waveguide 

In  this  secdoo,  to  check  the  validity  of  the  resulting  equadtm  for  Ak^  (Eq.(S-24)) 

obtained  in  the  previous  secdtm,  we  will  iqiply  Eq.(5-24)  to  a  range-dependent  Pekeris 
waveguide  [16,52],  which  can  be  regarded  as  the  simplest  case  of  the  multilayered  model 
we  described  in  Secdon  5.1  except  that  here  we  assume  If  we,  however,  confine 
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ounelves  to  trapped  inodes  only,  then  the  boundaiy  condition  in  Eq.(S*4)  is  s;^fied  as 
seen  from  Eqs.(S-31)  and  (S-33),  so  diat  Eq.(S*24)  is  applicable  to  die  Pekeris  waveguide 
as  well 

The  advantage  of  using  a  Pekeris  waveguide  is  that  die  characteristic  equation  is 
provided  in  a  simple,  analytical  form  and,  ctmsequendy,  the  range  variadon  of  die  local 
eigravalues  rir.  can  be  obtained  in  closed  form  by  direcdy  diffoentiating  die  durac- 
terisdc  equadon.  This  enables  us  to  compare  the  two  analytical  forms  for  dr,,  whidi  are 
derived  in  different  ways. 

Before  deriving  those  forms,  let  us  summarize  the  features  of  a  range-dependent 
Pekeris  waveguide.  As  illustrated  in  Figure  S-2,  the  sound  speed  in  both  the  water 
column  and  bottom  is  taken  to  be  constant  vertically  but  is  allowed  to  change  in  the 
horizontal  direcdon  such  that 


c(r,z)* 


c,(r) 

,Ca(r) 


(0^z^h(r))  , 


(5-25) 


Since  we  are  interested  in  trapped  modes  only,  the  following  condidon  has  to  be  met  at 
each  range: 


<p 

Ciir) 


<Rc(Jf.(r)]< 


a 

Ci(r) 


(5-26) 


The  bathymetry  is  also  range  dependent,  but  the  density  in  both  regitms  remains  constant: 


p(r,z)- 


(O^zih(r))  . 
(h(r)^z<«») . 


(5-27) 


In  this  Pekeris  waveguide,  the  local  eigenvalues  satisfy  the  following  characteristic 
equation  obtained  by  using  the  boundary  conditions  at  the  sea  surface  and  the  water- 
bottom  interface. 
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(5-28) 


yuc«(riii*)«icya.  . 

wboe  tnd  and  y.^^ut^  vertical  wavenumbers  in  die  water  column  and 

bottom,  respectively,  and  are  defined  by 

ra.  •(*»“*?)’  • 


with  ky  ■  a)/q  and  A,*  ci/C} .  In  the  case  of  trapped  modes.  k^<K,vi  satisfied  from 
Eq.(S-26).  so  that  Eq.(5-30)  can  be  rewritten  as 

ru~i4^  • 


The  local  eigenfunction  can  also  be  determined  so  as  to  satisfy  the  boundary  omditimi  at 
die  sea  surface  and  the  radiadmi  condititm  at  infinite  depth,  yielding 


u  ir  - 5 - —I  sin(yj,r) 

"  ’  Vyi.h-sin(y„h)cos(y,,h)-£*tan(ri^)8in*(y,^)J 


(0<2<h)  ,  (5-32) 


II  ir  r)«f - - 5 - T sm(y,^)e'»^<“*’ 

’  *  (y,.A-sin(y,.A)cos(y,.A)-€*tan(yi.A)sin*(y,^)j 


(h<2)  .  (5-33) 


where  the  ii.  satisfy  the  orthonormality  condition  Eq.(5’2)  along  with  Eq.(5-5)  and  Eq.(5' 
6)  at  z*h(r). 
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Depth 


Figure  5-2:  Range-dependent  Pekeris  waveguide. 
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SJ.1  Derivatioo  of  Jr,  by  differentiation  of  the  characteristic  equation 

In  this  subsection,  we  will  doive  the  analytical  fonn  for  Jr,  directly  from  the 
characteristic  equation  given  by  Eq.(S-28). 

Differentiating  both  sides  of  Eq.(S-28)  with  respect  to  r  gives 

%co<(ru*)+ru-Ti7^rf%*+ruxl*‘*^  • 

dr  sin*(y,,/i)V  dr  dr)  dr 


Rearrangement  cd  diis  equation  yields 


cot(yj,h)- 


J  dr  sin*(yi,h)  dr 


(5-35) 


In  order  to  represent  dy^,  fdr  in  Eq.(5-35)  in  terms  of  dxjdr,  let  us  also  differentiate 
both  Eq.(5-29)  and  (5-30)  with  respect  to  r: 


dr  2y,,  V,  Jr  dr  )  * 


(5-36) 


dr~2rxX^  dr)  2ruCot(y„A)i  Jr  Jr  j 


(5-37) 


where  Eq.(5-28)  has  been  used  in  (5-37).  Thus  substituting  botii  Eqs.(5-36)  and  (5-37) 
into  Eq.(5-35)  yields 
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Rearrangement  after  multiplying  both  sutes  of  Eq.(S>38)  by  2y„sin’(yi.h)  yields 


[yi.h  -  sin(yi.A)cos(yi.h)  -  e*  tan(yj»sin*(yi.h)]^ 

»2yf.~+[y,.A-8in(y,.A)cos(y,^)]^-f*tan(y,.A)sin*(y„W^  .  (5-39) 


Multiplying  both  sides  of  Eq.(5'39)  by  Ar  leads  to  the  ftdlowing  fonn: 


2A. 


‘  ~  yu*”Sin(ri./»)cos(yu*)-«**a»(ru^)““*(yu*) 
y.^-sin(y,./t)cos(y,.h) 


Ah 


-  sin(yi./i)cos(y,./i)  -  c*  tan(y„h)sin*(y„h)  ^ 

^ _ -c^tan(y,./i)sin^yi.h) _ ^ 

r^J^  -  8in(y,.A)cos(y,.h)  -  ^  tan(y,.h)sin*(y,./i)  ^ 


(5-40) 


This  resulting  form  reveals  the  dependence  of  cm  dlA,  Ak^ » and  Ak^^ 


53,2  Derivatitm  of  ^ir,  by  using  the  perturbation  equatitm  (£q.(5-24)) 

In  this  section,  we  demonstrate  that  we  can  derive  the  same  form  as  Eq.(5-40)  by 
utilizing  Eq.(5-24)  obtained  in  Section  5.2. 

The  range-dependent  Pekeris  model  corresponds  to  the  case  L^2,  M  ^2,  p„-Pi, 
and  hj »  A(r)  in  our  shallow  water  model  in  Figure  5-1  except  diat  0m=0.  As  discussed 

in  the  beginning  of  this  section,  however,  Eq.(5-24)  is  applicable  to  the  Pekeris 
waveguide  as  long  as  we  deal  with  trapped  modes  only. 


By  using  Eq.(5-28)  through  Eq.(5-32),  we  can  express 


as  follows: 


(5-41) 


(5-42) 


2  a  ri, _ 

A)co8(yJi)-£*ian(ri^) 


..  .  2-  ■;  J«P^(yiii*)  .  (5-43) 


f— -^1 1  *s-2!ia.f - - - 5 — ^lco$*(yi,li)  . 


(5-44) 


Putting  Eqs.(5-41)-(5-44)  into  the  first  tenn  in  Eq.(5-24)  yields 

=  j  A  sin*(yu*) + (a  -  A)^«»*(ri^)  j 

xf _ - 5 - 

ru*  -  sm(ru*)  cos(y,.h)  -  ^  tan(y,.h)  sin*(y,.h)  j 


(5-45) 


The  members  in  the  bracket  on  the  right  hand  side  of  Eq.(5-45)  may  be  further  rearranged 
by  using  Eq.(5-28)  as 

«  [[if.  -  sin^  y,.h) + [l  -  i]  )f.cos*(  y,.h)  j 


*rf. 


(5-46) 
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Thus  the  flnt  term  in  Eq.(S-24)  finally  bectxnes 


_ _ 

yjt  -  sin(ri.A)  co*(  y^Ji)  -  c*  tan(y,^)  sin*(y„A) 


Ah  . 


(M7) 


In  the  sam'*  way,  die  second  term  in  Eq.(5-24)  becmnes 


-Lf 

Pw-'o 


_ 2A  y., _ (* 

A  /uh - 8in(y,.h)  cos(y,,h)- tan(y,.h)  sin*(y,.h) «» 

* _ y..*“«ip(yu*)cos(y„h) _  j 

yi,h  -  8in(yu/»)  cos(  y„h)  -  e*  tan(yi^)  8in*(y,./i)  ^ 


8in*(y„2)dz 


(5-4g^ 


Similaily  the  third  term  in  Eq.(5’24)  becomes 


tAPi\ 


=  _ ^£lLi _ Mn’fy.  K)  r 

ft  i',^-siii(r„*)cos(r,.A)-e'i«n(r,.*)»in'(ri/)  "  •“ 


i£2k 


y,,h -  sin(y,.h)  cos(y,.h)  -  tan(y,^)  5in*(y„h)  -2<>j 
_ ~g^tan(yu*)sin^(yi,/t) 


y„h  -  sin(y,,h)  cos(  y^,h)  -  e*  tan(y,^)  sin*(yi,h) 


^  . 


(5-49) 


Subsequently,  the  three  results  in  Eqs.(5>47),  (5-48),  and  (5-49)  are  added  in  accordance 
with  Eq.(S-24),  yielding 
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Therefore  it  is  immediately  seen  that  Eq.(5>50)  is  completely  equivalent  to  Eq.(5'40), 
which  we  obtained  independently  ic  Section  S.3.2. 

In  this  section,  we  demonstrated  that  the  perturbation  equation  (Eq.(S-24))  derived  in 
Section  S.2  provides  an  accurate  result  when  applied  to  the  range-dependent  Pekeris 
waveguide.  In  this  simple  waveguide,  we  represented  the  range  variation  of  the  local 
eigenvalues  Ak^  explicitly  in  terms  of  Ak^  Ak^^  and  Ak^. 

In  the  next  section,  by  representing  the  sound  speed  proHle  in  our  multilayered 
model  with  the  use  of  the  n^-linear  profile,  we  will  express  Ak^  explicitly  in  terms  of  the 

perturbed  geoacoustic  parameters. 

5.4  Range-dependent  n^-linear  profile 

Section  S.2  showed  how  the  range  variation  of  die  local  eigenvalues  depends  on  the 
range  variations  of  both  the  interface  depth  and  the  wavenumber  in  each  sediment  layer. 
But,  as  seen  from  Eq.(5-24),  the  resulting  equation  includes  integrals  having  the  range 
variation  of  the  wavenumber  inside  the  integrals.  In  mder  to  express  the  range  variations 
explicitly,  we  need  to  execute  the  integrals  in  Eq.(5-24)  by  specifying  the  sound  speed 
profile  in  each  sediment  layer.  Here  we  use  the  n^-linear  profrle  to  represent  the  sound 
speed  profiles. 
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54.1  Ddlnition  of  a  range-dependent  fi2-linear  profile 

In  diis  subsection,  we  will  approximatt  the  sound  speed  profile  in  each  sediment 
layer  by  using  the  i^linear  curve  with  rBnge-<tependent  coefficients,  which  are  defined 
by 

1 

e(r,,)-C;(r)fl-^^<,-r^)T’  (*/r)S,S*^.,(r))  .  (5-51) 

where  Cy(r)nc(r,^)isdie80undspeedatr»/^,  is  the  sound  q)eed  gradient  in  die 

fih  layer,  and  s  hj  (r,)  stands  for  the  sediment  interface  depdi  at  some  reference  range 
point  r,  {e^.,  0).  Note  that  hj  is  a  constant  (see  Figure  5-3).  Due  to  the  relation 

|a/0|«c/'-)  .  (5-52) 

Eq.(S'Sl)  can  be  related  approximately  to  the  following  linear  profile: 

cir,z)-Cj(rHgj(r)(2~hj)  (hj(r)^z^hj^,(r))  .  (5-53) 

Thus  we  see  that  the  difference  in  the  sound  speeds  represented  by  Eqs.(5-Sl)  and  (5-53) 
increases  with  increasing  |z  -  hj\.  It  should  be  noted  that  g^ir)  can  take  either  a  positive 

or  negative  value  except  for  the  lowest  layer  l=M,  where  only  a  positive  gradient  is 
allowed  to  meet  the  boundary  condition  given  in  Eq.(5-4). 

To  accommodate  attenuation,  Eq.(5-51)  may  be  extended  to  the  foUowing  form  of 
the  wavenumber 

k\r,z)-Kjir)+fi^r)iz-hj)  (hj(r)^zShj^i(r))  ,  (5-54) 

with 

Kj(r)  s  kfx)  +  la^  :  complex  wavenumber  at  z=  ,  (5-55) 
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sound  speed 
profile  at  To 


sound  speed 
profile  at  r 


Figure  5-3:  Range-dependent  «*-linear  profile. 


(5-56) 


liXjr)  m  ;  padkm  of  in  the^  layer, 

<v(r) 

v^icre  k,(r)  is  the  real  part  of  Ac  wavenumber  and  a.  is  the  attenuation 

'  Cj(r)  •  * 

coefficient  in  the/th  layer. 

From  Eq.(5-S4)  it  is  immediately  seen  that  the  lateral  variations  of  k*  and  the  range- 
dependent  parameters  are  related  as 

Ak\r,z)  :^2Kj(r)Akj(r)+(z-]ij)AtiJir)  (hj(r)^zihj,,ir))  ,  (5-57) 


where  AKj^  IKjAk^  has  been  used  since  is  assumed  to  be  range-independent  In 
addition,  Akj  and  AHj  are  uniquely  related  to  ACj  and  AQj  as 


vw  I 

Since - «  — 5-  due  to  Eq.(5-52),  the  contribution  of  the  ric^-term  to  A^ij  is 

Cj  Cj 

substantially  smalls  than  the  contribution  of  the  rip^-term.  Hence  A^ij  is  neariy 
proportional  to  Agj\  but  when  AQj-O,  then  the  riCy-term  cannot  be  ignored.  Conversely 
is  simply  proportional  to  Acj. 

Here  it  would  be  of  intmst  to  compare  Eq.(S-54)  with  another  representation  given 
by 


k\r,z)  =  Kjir)+Hj(r)[z’-hjir)]  (hjir) ^ z ^ ,  (5-59) 
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where  kXr)m  ij(r)+  ia.  with  kXr)  m  and  Cj(r)m  c(r,hj(r)),  which  stands  for  a 

t  i  i  !  Cjir)  * 

smind  speed  at  the  interface  depth  /iy(r).  Thus  the  range  dependence  of  k^f)  and  c^(r) 
comes  from  tte  vaiiatioos  of  both  the  medium  itself  and  the  interface  depth.  This  can 
easily  he  checked  using  the  following  identity: 

kJ(r)^Kjir)+n^r)[hjir)-hj]  .  (5-60) 

s^ch  can  be  obtained  by  comparing  Eq.(S-S4)  and  Eq.(S-S9)  rewritten  as 

Recalling  that  Kj(,r)  represents  the  wavenumber  at  the  fixed  depth  it  is  seen  that  Kjir) 
includes  the  effect  of  the  sediment  interface  variation  in  the  second  term  oa  the  right-hand 
side  of  Eq.(S-60).  Therefore  Eq.(S-S4)  is  more  convenient  than  Eq.(5-S9)  in  representing 
the  range  variation  of  the  wavenumber. 

In  order  to  understand  the  role  of  the  parameters  in  Eq.(S-54)  further,  let  us  consider 
the  special  case  below.  If  the  medium  in  some  layer  is  range  independent,  i.e.,  dky(r)  s  0 

and  An/f) = 0,  but  has  the  layer  depth  variation  d^(r)  *  0,  then  we  have 
2kj(r)Akj (r)  =  fijir)Ahj(r)  from  Eq.(5-60);  the  wavenumber  i^(r)  at  the  sediment 

interface  varies  in  accordance  with  the  depth  variation  of  the  interface  itself.  Let  us  refer  to 
diis  as  Case  A.  On  the  contrary,  if  we  keep  i^(r)  constant  (range-independent)  at  hjir), 
i^.,  Mj(r)  =  0,  then  the  medium  in  this  layer  has  to  be  range-dependent  and  varies  with 
range  so  as  to  satisfy  2Kjir)  d^/r)-KAiy(r)- A^3d/i/r)*-//^(r)d/r^(r).  This  is  Case  B;  the 

medium  and  layer  interface  vary  so  that  two  kinds  of  range  variations  cancel  out  each  other 
at  hjir). 

Now,  assume  a  simple  waveguide  consisting  of  a  single-layer  bottom  and  a  water 
column  with  constant  sound  speed  as  shown  in  Figure  S-4.  Case  B,  then,  corresponds  to 


souid  speed  somd  speed 

profile  at  To  profile  at  f 


Figure  5-4:  Single  sediment  layer  with  constant  sound  speed  gradient. 


die  wivefuide  having  t  range-independent  plane-wave  reflection  coefficient,  aldiou^ 
the  aoomtic  properties  of  dtis  bottom  medium  vary  with  range.  In  contrast,  for  Case  A, 
die  reflectioo  ooeffidem  varies  with  range  due  lo  die  bathymetric  change,  irrespective  of 
die  range-independent  prc^ieTties  the  bottom  medium  itself. 

SA2  Evaluatioo  trfiotepids  in  the  perturbadon  equation  (Eq.(5-24)) 

In  this  subsection,  let  us  evaluate  the  integrals  in  Eq.(5-24)  by  employing  die  range- 
dqiendent  n^-linear  profile  in  Eq.(S-S4).  To  do  this,  we  first  represent  die  local 
eigenfunction  in  terms  of  the  parameters  of  this  profile. 

It  is  well  known  that,  given  the  /i^-lu»ar  {uofile,  the  eigenfunctions  u.  can  be 
expressed  in  terms  of  the  Airy  functions  M  and  Bi  [54,62,63].  Namely,  by  insoting 
Eq.(S-S4)  in  place  of  k\r^i)  in  Eq.(S-l),  this  equation  is  converted  to  the  following 
Stokes  equation: 


(Ay(r)SzJ£hy^,(r))  , 

(5-62) 

Hj  Uj 

(5-63) 

(5-64) 

and 

,  (5-65) 

where  y^Cr.z)  is  the  vertical  wavenumber.  Since  Ai(r^)  and  are  independent 

solutions  satisfying  Eq.(5-62),  u.  can  be  represented  by 

ii,(r.2)»C^A/(-4j)+C;^/(-|p  (,hj{r)Szihj„(r))  .  (5-«) 
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where  Cj!  and  are  the  range-depeodem  oo^Bcients  determined  by  the  boundary 
cQurfition*  in  Eqs.(S-3)  and  (S-4)  and  the  nortnalizadoa  condidon  in  Eq.(5-2). 

Now  us  substitute  Eq.CS^S?)  into  Eq.(S~24)  and  evaluate  the  integrals  in  Eq.(5' 
24).  Each  integral  is  then  split  into  two  integrals: 

•  (S-«) 

By  chMiging  the  variable  i  to  {in  each  integral  <m  dte  right-hand  side  of  Eq.(S-€7),  it 
follows  diat 


and 


ij; 


(5-69) 


Each  integral  on  the  right-hand  side  of  both  Eq.(S-68)  and  Eq.(S-69)  can  then  be 
evaluated  in  closed  form  by  virtue  of  the  following  identiQr  for  the  Airy  fiincticm: 


(5-70) 


and 


(5-71) 


where  <!>({)  is  the  Airy  function  or  a  linear  combination  of  the  solutions  of  Eq.(S-62), 
and  the  prime  denotes  the  derivative  —r.  Hence,  we  employ  Eq.(5-70)  to  evaluate  E(}.(5- 

d? 

68)  and  then  use  of  the  relation  =  yj /n’  given  by  Eq.(5-63)  to  obtain 


170 


(5-72) 


1b  Eq.(5-72),  use  of  Ae  relations  Hj « f}’  givot  by  Eq.(5-65)  and 


d 


Eq.(5-64)  yields 


(5-73) 


In  the  same  way,  we  can  evaluate  the  first  integral  on  die  right-hand  side  Eq.(5-69);  we 
can  also  evaluate  die  second  integral  by  using  Eq.(S-71)  as 


(5.74a) 


(5-74b) 


uiiere  7.  ■  y.(r,]^),  i.e.,  ^  ■  JTj  -  has  been  employed  in  die  step  from  Eq.(S-74a)  to 
Eq.(5-74b).  As  a  result  of  the  substitution  of  both  Eq.(5-73)  and  Eq.(5-74b)  into  Eq.(S- 
67),  we  can  finally  obtain 


f^i^Ak^dz^-^  2KjAkj  + 

A  /<>L 


(5-75) 
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Ftanher.  if  we  make  use  the  relation  given  by  Eq.(5-58).  dien  Eq.(5-75)  can  be 
rewritten  in  terms  of  Ac^  and  Ag^  instead  of  Ak^  and 

Thus,  by  substituting  Eq.(S-7S)  into  Eq.(S-24),  the  range-dependent  variation  of  dte 
local  eigenvalue  can  be  expressed  as 


(5-76) 


If  we  approximate  the  profile  in  each  layer  including  the  water  layer  by  a  sequence 
of  n^linear  curves,  then  each  integral  in  Eq.(5-76)  can  be  evaluated  and  expressed  in  the 

same  way.  It  should  be  noted,  however,  that  tlw  sound  speed  in  tire  water  colunm  is 
continuous  across  layer  interfaces,  so  that  and  cannot  be  chosen  independently  of 

each  other. 

the  sound  speed  profile  in  some  sediment  layer  cannot  be  approximated  by  a  single 
n^-linear  curve,  then  we  can  divide  this  layer  into  sublayers  with  single  sound  speed 
gradients.  This  treatment  is  often  required  for  modeling  sand  layers,  because  the  souml 

speed  gradient  of  sand  decreases  rapidly  with  depth  [84],  and  thus  a  single  n^-linear  curve 
cannot  fit  this  profile.  Again  attention  has  to  be  paid  to  the  dependence  of  ky  and  /ij  <m 

each  other  for  the  same  reason  as  above;  the  sound  speed  has  to  be  continuous  across  the 
various  sublayers. 

By  using  an  n^linear  curve  for  the  sound  speed  profile  in  each  sediment  layer,  we 
riiowed  that  the  range  variation  of  the  local  eigenvalue  can  be  related  to  the  range 
variation  of  the  geoacoustic  parameters  in  each  layer  in  closed  form.  We  can  make  use  of 
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tflis  penurbed  leUtioo  (Eq.(S-76))  to  analyze  how  the  local  eigenvalues  are  affected  by 
the  lange-varying  sediment  structure  and  geoaoMistic  parameters  in  die  currem  motteL 
Conversely  this  equadcm  can  be  used  in  an  inverse  method  to  determine  die  sediment 
properties  from  die  local  eigenvalues,  a  tc^ic  uliich  will  be  pursued  in  die  next  section. 

53  Inversion  method  to  determine  range^ependoit  geoacoustic  parameters 
In  this  section,  let  us  assume  that  we  do  not  know  the  range-dependent  geoacoustic 
parameters  in  our  shallow  water  model  except  for  those  near  r^.  Local  eigenvalues, 
however,  are  known  as  a  result  of  inlying  the  Hankel  transform  with  a  sliding  window 
to  the  measured  pressure  field  as  shown  in  Chapters  3  and  4.  The  objective  here  is  to 
determine  these  unknown  ^oacoustic  parametos  by  inverting  the  pmurbadon  relation 
given  by  Eq.(5-76).  We  use  the  local  eigenvalues  as  input  data  in  this  equation. 

53.1  Formulation  of  the  inverse  problem 

In  the  first  place,  we  need  to  formulate  an  equation  for  the  unknown  geoacoustic 
parameters  in  our  shallow  water  model  Suppose  that  we  know  the  local  eigenvalues  of  N 
modes.  If  the  bottom  environment  can  be  modeled  as  described  in  the  previous  sections, 
then  each  eigenvalue  varies  with  range  so  as  to  satisfy  Eq.(5-76)  and,  consequently,  the 
set  of  these  equations  for  modes  forms  a  set  of  simultaneous  equations,  which  can  be 
rewritten  in  vector  form: 


Ak,  *  Av,^H,jAhj  +S,jAkj  *T,jA^j  , 


(5-77) 


where  H,  S  and  T  are  Nx(M-L+l)  matrices  defined  by 


Pi-x  "  Pi 


4 


(5-78) 
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. _ *i 


Both  Jir,B(^r,)  aini 


(5-79) 


(5-80) 


(5-81) 


are  vectors  with  N  elements;  and  Ahj  m  (Ahj),  Akj  m  {Akj),  and  A^j  ■  (Afij)  are  vectors 
with  Af-L-fl  elements.  Although  N  is  the  total  number  of  modes  to  be  inctxporated  in  the 
inversion,  these  modes  are  not  necessarily  in  sequence.  We  could  choose  the  modes 
which  are  most  sensitive  to  the  variation  of  the  geoacoustic  parametm  to  be  determined, 
as  long  as  those  modes  are  measurable.  Moreover,  it  is  possible  to  utilize  the  modes  of 
different  fiequencies  for  riir,  in  Eq.(5-77)  at  the  same  time,  because  the  bottom 

parameters  to  be  inferred  are  assumed  to  be  independent  of  the  acoustic  frequency. 

Here  Ak^  are  immediately  provided  by  taking  the  difference  between  two  local 

eigenvalues  separated  by  Ar: 

4JC.(r)*Re(>c.(r+dr)]-Re(if.(r)]  ,  (5-82) 

where  only  the  real  part  is  taken,  because  the  measurement  of  r^(r)  is  limited  to  the  real 
part  in  the  method  used  in  Chapters  3  and  4.  In  order  to  obtain  the  imagimuy  part,  we 
would  have  to  measure  the  amplitude  of  the  ouqHit  qrectnim  of  the  Hankel  transform 
[83].  This  however  is  beytmd  dK  scope  of  the  present  research.  Thus  in  implementing 
Eqs.(S-78)-(5-80),  only  the  real  part  of  the  eigenvalues  is  taken  into  account  As  a  matter 
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of  fact,  the  effect  (tf  die  imagiiiaxy  part  is  negligibly  small  in  this  inversion  process,  since 
we  deal  widi  first  order  pertuibation  of  the  local  eigenvalues  in  Eq.(S-77). 

In  addition,  we  can  expect  that  the  sound  speed  in  the  water  column  is  generally 
measurable  with  range  in  shallow  water,  so  that  ^(r,r)  (0  ^  z  5!  \)  in  Eq.(5-81)  is 
known  in  advance.  As  a  consequence,  Av.  can  be  dealt  with  as  iiq>ut  data  as  long  as  die 
local  eigenfunction  u,(r)  is  provided.  Therefore,  we  may  rewrite  Eq.(S-77)  as 


Ar.-Av.  »[h^  , 


(5-83) 


or,  equivalently. 


y-Dx  , 


(5-84) 


where  y  m  Ate,  -  Av,  and  x  m 


V 

respectively;  and  D  s  [  ,  T.^] 


Ahy 

4*, 


are  vectors  with  N  and  %M-L^\)  elements, 
is  a  NX3(Af-L+l)  matrix.  Hence  y  is  a  known 


factor  given  as  input  data  whereas  x  is  an  unknown  factor  to  be  determined. 

Sedution  of  the  inverse  problem 

In  order  to  obtain  the  range-dependent  geoacoustic  parameters  A/r),  A^(r),  and 
/i>(^)»  we  have  to  solve  Eq.(5-84)  for  x  at  different  ranges. 


To  begin  with,  let  us  assume  that  the  bottom  environment  is  known  at  sc»ne  range 
point  Tf  near  M),  that  is,  k^{r^)  and  ^^(r,)  are  known;  then,  the  local 

eigenfunctions  at  this  range  can  be  determined  by  solving  Eq.(S-l).  Upon  use  of 

those  parameters  and  eigenfunctions  in  Eqs.(S-79)-(5-81),  each  component  of  H,  S,  and  T 
can  be  evaluated  along  with  dv,  at  the  range  r^. 
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If  we  have  enough  modes  to  satisfy  then  Eq.(S-84)  can  simply  be 

inverted,  yielding 

.  (5-85) 

By  using  dtis  x .  we  can  then  determine  the  range-dependent  geoacoustic  panmeteri  at  a 
new  range  point  as 

+  Ar^)  - + 4/i/r^)  .  (5-86) 

These  results  are  correct  to  the  first  order,  since  the  acoustic  properties  are  assumed  to 
vary  gradually  with  range. 

The  validity  of  the  results  in  Eq.(5-86)  may  be  confirmed  by  comparing  the 
measured  local  eigenvalues  at  r,  +  that  is  K^ir^  +  rir,),  and  the  calculated  ones 

determined  by  solving  Eq.(5-1)  with  the  new  bottom  environment  given  by  Eq.(5-86). 
When  they  do  not  agree  closely,  then  we  can  repeat  the  same  process  after  reducing  the 
range  step 

The  next  step  is  to  use  the  geoacoustic  parameters  obtained  above  at  as  a 

background  for  determining  the  parameters  at  the  following  new  range  point  Namely,  by 
setting  /  -4  /+1,  we  can  repeat  the  same  process  as  above.  Note  that  is  not 
necessarily  equivalent  to  In  general,  Ar  may  be  chosen  so  that  the  linearity  of 
Ax^ir)  is  satisfied,  at  least  in  an  approximam  sense.  The  determination  of  Ar  will  be 
discussed  again  when  dealing  with  a  numerical  example  in  the  next  section. 

Thus,  given  the  known  geoacousdc  parameters  as  initial  values  at  some  range,  we 
can  determine  them  successively  by  repeating  the  inversion  process  at  different  ranges. 
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Figure  5-5:  Extension  of  the  inversion  scheme  from  a  horizontally  stratified 
region  to  a  range-dependent  region. 


One  of  the  issues  arising  from  this  inversion  process  is  how  to  provide  these  initial 
parameters.  We  had  a  similar  problem  when  using  a  mode  filter  that  required  Ae  values 
of  sediment  properties  at  the  site  of  the  vertical  array,  as  discussed  in  Qiapter  3.3.  As  ooc 
of  die  ways  of  addressing  this  problem,  we  may  make  use  of  results  obtained  by  other 
methods  such  as  ones  based  on  die  travel  times  of  broadband  signals.  For  example,  if  we 
chose  a  locally,  horizontally  stratified  region  as  an  initial  range  point,  the  geoacoustic 
parameters  in  diis  region  could  be  determined  by  resorting  to  inverse  methods  developed 
for  the  horizontally  stratified  case  [34,50];  dien  we  can  employ  the  results  obtained  in  this 
region  as  initial  values  for  the  current  inverse  scheme.  Thus  we  can  extend  the  inversion 
process  from  a  locally,  horizontally  stratified  region  to  a  range-dependent  region.  Once 
diis  approach  works  well  and  the  geoacoustic  properties  are  determined  along  this 
extended  range,  then  we  can  choose  a  new  receiving  point  for  the  next  array  site  fitnn  the 
points  in  this  range,  where  the  geoacoustic  parameters  for  an  initial  value  have  been 
established  (see  Figure  5-5). 

SS3  Reducing  the  number  of  unknown  parameters 

When  deriving  Eq.(5-85),  we  assiuned  that  the  total  number  of  measurable  modes  is 
equal  to  the  number  of  unknown  geoacoustic  parameters,  but  this  cannot  always  be 
expected. 

In  general,  the  invene  problem  for  determining  the  geoacoustic  parameters  tends  to 
be  an  undeidetennined  problem  due  to  the  limitations  of  real  input  data.  Hence  we  must 
try  to  either  increase  the  number  of  modes  to  be  measured  or  decrease  the  number  of 
unknown  parameters  to  be  determined.  Concerning  the  former  approach,  we  can  employ 
the  modes  at  different  frequencies  in  the  same  simultaneous  equations,  Eq.(5-84),  as 
mentioned  in  Section  5.5.2.  However  the  maximum  bottom  depth  which  the  current 
inversion  method  is  capable  of  examining  is  automatically  determined  by  the  highest 
mode  of  the  lowest  frequency  in  use.  In  general,  a  mode  is  less  sensitive  to  changes  in 
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the  medium  below  its  turning  point  depth;  thus  'Se  experimental  fiequency  imposes  limits 
on  the  lowest  sediment  layer  to  be  examined  by  the  inversitm  process. 

As  for  the  latter  approach  of  decreasing  die  number  of  unknown  parameters,  we  can 
make  use  of  information  about  the  unknown  parameters  provided  by  other  get^hysical 
methods.  For  example,  the  interface  depths  of  sediment  layen  could  be  inferred  by  using 
conventitmal  seismic  travel  time  analysis.  The  output  data  of  these  other  methods  do  not 
have  to  be  any  of  the  parameters  to  be  determined  by  our  method,  but  can  be  information 
which  relates  to  the  desired  unknown  parameters.  For  instance,  the  travel  time  of 
broadband  signals  reflected  or  refracted  from  lower  sediment  layers  serves  to  relate  the 
sound  speed  profile  and  layer  depth  [43].  Or,  if  the  sediment  type  of  a  particular  layer  is 
known  along  with  odier  environmental  information  such  as  its  depth,  then  the  values 
taken  by  the  geoacoustic  parameters  of  that  layer  can  be  inferred  within  some  range  by 
referring  to  Hamilton's  research  results  [84].  By  using  Lagrange  multipliers  [78],  the 
information  from  the  other  methods  can  be  combined  with  the  inverse  method  amsidered 
presently. 

Taking  these  methods  into  consideration,  let  us  assume  that  some  of  the  geoacoustic 
parameters  are  provided  a  priori.  Then  we  can  shift  those  parameters,  which  are  denoted 
by  c-  below,  firom  the  right-hand  side  to  the  left-hand  side  in  Eq.(S'83): 


Akj 

Afij 


Akj 

Afij 


(5-87) 


Rewriting  the  left-hand  side  as  y ,  and  rewriting  the  unknown  vector  on  the  right-hand 
side  as  x. Eq.(S-87)  leads  to 


y  =  Dx  . 


(5-88) 


Thus  if  die  total  number  of  these  known  parameters  is  F,  then  x  becomes  a  [SCAf-L-t-l)- 
flxl  vector  and  D  becomes  a  Nx[3{M-L*l)-F\  matrix.  For  example,  if  the  bathymetry  is 
measured  using  an  echo  sounder  and  /^(r)  is  known,  then  the  following  amcnmt  can  be 
subtracted  from  Ak^  as  a  part  of  H^hj  in  Eq.(S-S7): 


(5-89) 


where  p^_i  is  set  If  the  sediment  layer  depths  are  determined  using  travel  time 
analysis,  then  we  could  reduce  the  unknown  parameters  further  by  using  Eq.(S-87). 


5  J.4  Solution  of  the  underdetennined  problem 

Even  if  we  take  advantage  of  the  methods  described  in  Section  S.S.3,  when  N<3(Af  ■ 
L*l)-F],  then  unfortunately  we  have  to  solve  for  an  underdetermined  problem.  An 
effective  method  of  dealing  with  this  problem  is  to  make  use  of  the  SVD  method  [43.50], 
which  was  also  utilized  for  the  overdetermined  problem  in  Chapter  3.3.  This  method  can 
decompose  the  matrix  D  as 


D  =  A,A;B‘  ,  (5-90) 

where  A/ is  aalxl  diagonal  matrix  with  non-zero  elements  (A,,...,A|  >  0),  A,  is  znNxI 
matrix,  and  By  is  a  [3(,M-L-¥l)-F\xl  matrix.  As  defined  in  Eqs.(3-69)  and  (3-70),  Ay  and 
By  are  constructed  from  normalized  eigenvectors,  which  should  be  distinguished  from 
the  local  eigenfunctions.  Then  using  the  generalized  inverse  matrix  de^ed  by 

D7‘=ByA>;  .  (5-91) 


we  have  a  solution: 
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(5-92) 


In  thiy  process,  the  non-uniqueness  of  the  solution  arising  from  the  underdetennined 
system  is  dealt  with  so  that  the  nonn  of  the  resulting  vector,  (^,  becomes  minimaL 

Ihe  relation  between  the  estimated  value  Xj  and  the  exact  value  x  can  be  obtained 
by  substituting  Eq.(S-88)  into  Eq.(5-92),  yielding 

,  (5-93) 

where  Eq.(3-69)  has  been  used.  If  B^B)  =  I,  then  x,  -x  and  the  solution  can  be  uniquely 
determined.  In  die  underdetermined  case,  however,  we  have  generally  B,B)'  #  I,  so  that 
Xi  #x;  die  matrix  B;By  forms  weighting  coefficients  with  which  x,  is  linearly  related  to 
X.  Thus  it  is  seen  that  the  resolution  of  the  solution  Xy  can  be  characterized  by  die  so- 
called  resolution  matrix  ByB)  [43].  As  the  rank  of  ByB] ,  /,  decreases,  we  have  lower 
resolution  for  the  solution  Xy. 

As  seen  fiom  Eq.(S-92),  the  solution  includes  a  component  proportional  to 
(1  ^  i  ^  /)  and  thus  small  eigenvalues  induce  instability  in  the  solution.  This  can  be 
easily  confirmed  by  examining  the  relation  between  the  variances  of  x  and  y .  Given  the 
error  ^  in  the  measured  data,  then  the  error  observed  in  the  solution  5x,  is  expressed  as 
Sxj  s  DJ*  Thus  the  covariance  matrices  for  x  and  y  are  related  by 

<iXy5x;>=D;‘<^^‘>(D;‘)‘ «ojByAy*B;  ,  (5-94) 


where  ^  is  assumed  to  be  statistically  independent  and  has  the  same  variance. 

Therefore  the  variance  of  the  solution  can  be  characterized  by  the  matrix  Ay .  We  see 
from  Eq.(3-68)  that  if  is  small,  then  the  variances  of  x  is  amplified  as  a  result  of  the 

relation  given  by  Eq.(S-94).  To  obtain  a  stable  solution,  one  can  introduce  a  threshold  for 
those  eigenvalues  and  discard  the  eigenvalues  smaller  than  this  threshold  as  detailed  in 


181 


Refs.  48  and  T\,  This  procedure,  however,  results  in  a  decrease  for  the  resolution  of  the 
acdutioo  due  to  the  decrease  in  the  number  of  the  eigenvalues,  ijt.,  the  rank.  As  is  well 
known,  in  general,  reducing  the  variance  leads  to  degraded  resolutitm  in  the  soludtm  of 
the  underdetermined  inverse  problem. 

ha  ccmnection  with  the  stability  problem,  there  exists  a  sensitivity  ptoblmn  amtmg  the 
geoacousdc  parameters.  Namely  some  parameters  are  extremely  sensitive  to  variati(»s  in 
the  input  data  dir,  and  smne  are  not  In  view  of  Eq.(5-88),  one  can  immediately  notice 
that  the  range  variation  of  the  parameters  (output  data)  as  well  as  die,  (input  data)  are 
highly  dependent  on  their  magnitudes.  For  example,  dp^  is  generally  much  smaller  than 
dAy.  because  /iy  itself  takes  on  a  smaller  value.  To  avoid  this  problem,  a  weighting 

function  can  be  introduced  into  Eq.(S-88)  [77].  Suppose  that  X  and  Y  are  the  weighting 
matrices  for  x  and  jr.  respectively,  in  Eq.(5-88).  which  is  then  transformed  to 

y'«YDX"‘x'  ,  (5-95) 

whCTC  X*  K  Xx  and  *  Yy  are  a  new  data  set  Eq.(5-95)  may  then  be  solved  in  the 

same  manner  as  Eq.(5-92).  Note  that  this  normalization  operation  should  be  made  in 

Eq.(5-84)  rather  than  in  Eq.(5-88),  because  each  member  on  the  left-hand  side  in  Eq.(5- 

87)  has  a  different  magnitude.  Generally  we  can  make  use  of  the  covariance  matrix  as 

the  weighting  matrix.  Namely,  each  X  and  Y  is  defined  by  the  square  root  of  fhe 

corresponding  covariance  matrix.  If  the  data  are  unconrelated,  then  the  weighting  matrix 
is  represented  by  a  diagonal  matrix  with  its  standard  deviation  such  diat  X^  »  and 

Y^  s  bjj .  Actually  ov  is  proportional  to  the  magnitude  of  the  correspemding  data. 

Thus,  by  utilizing  the  weighting  matrix,  we  can  adjust  the  different  sensitivity  of  each 
parametm’  to  the  input  data. 

In  this  section,  we  developed  an  inverse  method  for  determining  the  geoacoustic 
properties  based  on  the  perturbation  equation  for  the  local  eigenvalues  obtained  in 
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Sectioo  S.4.  When  Ae  total  number  of  inodes  is  less  than  the  number  of  unknown 
paiameten,  we  may  make  use  of  die  SVD  method  to  solve  the  undeideiermined  problem. 

In  die  next  recdoa,  we  wiU  ^ly  the  methods  derived  in  this  chiqiter  to  the 
timulated  example  discussed  in  Chiqiter  4. 

5J6  Analysis  of  Emulated  data 

The  objective  of  diis  section  is  to  invert  for  the  geoacoustic  parameters  in  our 
diaUow  water  model  using  the  local  eigenvalues  which  were  estimated  by  using  die 
Hankel  transfonn  with  a  sliding  window  in  Ouster  4.  Before  doing  this,  we  will  rint 
examine  numerically  the  leladon  between  the  nnge  variadon  of  the  local  eigenvalues  and 
the  geoacousdc  properties  by  using  the  perturbation  relation  in  Eq.(S-76),  Section  5.4. 

541.1  Depoidence  of  the  local  dgenvalues  tm  the  range  variation  of  the  geoacoustic 
parameters 

The  pmpose  of  this  subsection  is  to  understand  how  the  range  variatitm  of  die 
geoacoustic  parameters  affects  the  range  variation  of  the  local  eigenvalues  in  the  shallow 
water  model  used  in  Chapter  4.4.  To  do  this,  we  examine  numerically  the  range  variation 
of  r,(x)  by  employing  the  perturbation  leladtHi  in  Eq.(S-76).  Note  that  here  we  deal 

with  this  problem  in  the  framework  of  a  forward  problem;  we  are  therefore  in  the  position 
of  knowing  a  priori  the  bottom  environment  for  this  ocean  model 

Since  the  local  eigenvalue  ir,(x)  varies  widi  respect  tox  only  in  the  present  model, 
let  us  examine  the  range  variation  Ak,{x)  altmg  the  x  axis,  i.e.,  altmg  the  radial  with  the 
azimudial  angle  d  »  0.  Figure  5-6  shows  riir,(x)  when  setting  Ax-1.  As  seen  from  the 
variation  of  ir.Cx)  in  Hgure  3-18,  the  |dxr,(x)(  of  the  two  lowest  modes  is  relatively 
small  Since  most  values  of  ic,(x)  decrease  with  increasing  range  x,  dx;(x)  takes  on  a 
negative  value  except  for  mode  3,  whose  Ak^(x)  has  a  positive  valim  between  about 
2500  and  4500  m.  Hence  the  local  eigenvalue  in  this  region  increases  with  x  as  noted  in 
Chapter  3.4.2. 
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Next,  by  using  Eq.(S-76),  we  can  break  ^ir.(x)  into  terms  dependent  on  Ahj,  Mj, 
and  (1  ^  y  ^  4)  (see  Section  S.4).  In  the  present  model,  the  water  column  ami  the 

lowest  sediment  layer  are  set  to  be  range-independent  and  die  upper  two  sediment  layers 
vary  with  range  as  shown  in  Hgures  3-10  through  3-14.  Thus  the  terms  associated  with 
y*l  andy«4  become  zero  and  only  the  terms  associated  with/K2  andy«3  are  left  in  Eq.(S- 
76).  In  Figures  S-7  through  S-9,  we  show  the  results  obtained  by  using  Eq.(S-76)  for 
modes  2, 3,  and  5;  mode  2  is  represenutive  of  a  relatively  weak  range  variaticm  and  mode 
5  corresponds  to  a  maximum  mode  in  the  trapped  modes  between  the  sea  surface  and  the 
subbottom  interface  (see  Figure  3-15).  Figures  S-7(a),  S-8(a).  and  S-9(a)  show  the  terms 
in  Eq.(5-76)  along  with  the  Ak,{x)  for  each  mode,  where  the  Akj-  and  d/i^-tenns  are 

added  and  the  result  is  labeled  by  Ak^.  The  Akj-vsna  represents  the  component  of 
Ak,(x)  due  to  the  variation  of  the  medium  in  the/th  layer,  whereas  the  dAy-term 
represents  a  component  due  to  the  variation  of  the  sediment  interface.  Note  that  Ah^ix) 

corresponds  to  the  bathymetric  variation.  In  Figures  S-7(b),  S-8(b),  and  S-9(b),  we  break 
the  dky-term  into  dCy-  and  d^y-terms,  instead  of  dAy-  and  d/ty-terms,  by  using  the 

relation  given  by  Eq.(S-58).  We  will  show  below  which  parameters  have  a  strong 
influence  on  dx',(x)  for  each  mode. 

1.  Case  of  mode  2 

In  the  case  of  mode  2  in  Figure  S-7(a),  we  find  fiom  the  curves  dAj  and  Ak^  that  the 
variation  in  the  first  sediment  layer  (j=2)  contributes  primarily  to  the  variation  of  the  local 
eigenvalue  Ax^ix) .  This  result  can  be  inferred  from  the  fact  diat  the  amplitude  of  the 
eigenfunction  U2ix,z)  decreases  exponentially  with  depth  below  the  interface  /^(x),  as 

shown  in  Figure  3- IS;  therefore,  mode  2  is  less  sensitive  to  the  second  sediment  layer. 
Hgure  3-15  also  indicates  that  duj,fd^ ,  which  stands  for  the  vertical  particle 

velocity  at  the  water-bottom  interface,  comes  close  to  zero.  The  ^/^zit^-term  in  Eq.(5- 
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76)  also  C(Mnes  close  to  zero,  so  that  the  coefficient  of  Ah^{x)  takes  on  a  negative  value 
in  the  jnesent  case  cS  these  two  reasons: 

h  Pi  <  Pi,  ije.,  the  water  density  is  smaller  than  the  density  in  the  first  sediment  layer. 
2.  ^  to  ^  <  Cj.  U.,  the  sound  q)eed  in  the  water  is  smaller  than  that 


in  die  first  sediment  layer. 

Recalling  die  condition  that  the  water  depth  increases  monotonically  widi  x,  we  see  diat 
^(x)>0  andsothe  d/i^-term  takes  <h!  a  i^gadve  value.  As  a  result,  die  AAj-terro 
contributes  to  AiTjCx)  so  that  the  local  eigenvalue  jTjCx)  decreases  with  range  x. 

The  d^-teim  changes  its  sign  at  about  xs2900  m  and  4300  m.  This  occun  for  two 
reasons:  (1)  dw  dkj'term  is  dcmiinated  by  the  dcj-term  as  shown  in  Figure  5-7(b),  and 
(2)  q(x)  changes  from  a  decreasing  value  to  an  increasing  one  at  about  x»2900  m  and 
again  changes  at  about  x»4300  m,  as  seen  from  Hguie  3-11.  Thus,  in  this  range,  the  dil^ 
term  contributes  to  dirjCx)  so  that  the  local  eigenvalue  r^fx)  increases  with  range  x. 

In  particular,  at  about  3S00  m,  the  and  -terms  have  the  same  order  of 
magnitude  but  have  opposite  signs,  so  that  dXjCx)  comes  close  to  zero.  As  a  result, 
iCjCx)  remains  constant  around  this  range. 


2.  Case  of  mode  3 

As  for  mode  3,  we  can  see  from  Figure  S-8(a)  diat  its  local  eigenvalue  is  more 
strongly  affected  by  the  second  sediment  layer  (/-3)  as  compared  to  die  local  eigenvalue 
of  mode  2;  die  dit,-term  has  an  amplitude  comparable  to  the  d  j^-term  for  ranges  less 
than  xbTOOO  m.  Also,  we  observe  diat  the  amplitude  of  the  d/^-term  is  larger  than  duit 
cf  the  d^-term.  This  mode,  therefore,  is  more  sensitive  to  the  variaticm  of  the  sediment 
intmface  than  to  the  bathymetric  variation. 

Hgure  5-8(b)  shows  that  the  Ak2-vam  depends  on  the  variatitm  of  both  CjCx)  and 
9i(x),  whereas  the  Aky-term  depends  on  the  variation  of  only  ^(x).  Namely,  mode  3  is 
less  sensitive  to  the  variation  of  the  sound  speed  gradient  gyix).  On  the  othCT  hand,  the 
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^g2-tenn  changes  its  sign  at  about  j:«2400  m  because  g^ix)  changes  from  an  increasing 
value  to  a  decreasing  cme  at  that  range,  as  seen  from  Figure  3-12. 

3.  Case  of  mode  5 

As  for  mode  S,  the  effect  of  the  dii,-tenn  is  amplified,  which  can  be  expected  from 
the  mode  shape  Ug(x,z)  in  Hgure  3-lS.  It  is  found  finmi  Figure  5-9(a)  that  the  d/i^-tenn 
dominates  Ax^ix)  for  ranges  less  than  2200  m.  As  seen  frmn  Hgure  S-9(b).  the 
term  is  dominated  by  the  ACj-term .  We  can  see,  therefore,  that  mode  5  is  roost  sensitive 
to  the  variation  of  c,(jc)  in  this  range. 

In  this  subsection,  we  demonstrated  with  an  example  how  the  range  variation  of  die 
sediment  properties  affect  the  range  variadon  of  the  local  eigenvalues  in  our  shallow  water 
model.  In  the  next  subsection,  by  assuming  that  the  geoacoustic  parameters  in  this  model 
are  unknown,  we  will  use  the  invene  method  developed  in  Section  5.5  to  determine  the 
parameters  from  the  local  eigenvalues. 


Figure  5-6:  Perturbed  local  eigenvalue  Ak^{x)  in  the  shallow  water  model. 
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(a) 


(b) 


Figure  5-7:  (a)  E)ecomposition  of  the  perturbed  local  eigenvalue  Ak^{x)  in  Figure  5-6 
into  the  Ahj  -  and  Akj  -tenns.  (b)  Decomposition  of  the  Ak^  -term  into  the  ACj  -  and 
AQj  -term. 
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Figure  5-8;  (a)  Decomposition  of  the  perturbed  local  eigenvalue  Ak^{x)  in  Figure  5-6 
into  the  and  -terms,  (b)  Decomposition  of  the  d/t^-term  into  the  dc^-  and 
dp^-term. 


188 
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mode  5 


(a) 


(b) 


Figure  5-9:  (a)  Decomposition  of  the  perturbed  local  eigenvalue  Ax^ix)  in  Figure  5-6 
into  the  Ah^  -  and  Akj  -terms,  (b)  Decomposition  of  the  Akj  -term  into  the  ACj  -  and 
AQj  -term. 
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5^  Inversion  for  the  geoacoustic  parameters 

In  this  subsection,  let  us  assume  that  the  geoacoustic  parameters  are  unknown  in  the 
shallow  water  model  used  in  Chapter  4  except  for  the  region  close  to  the  anay  of 
receivers.  The  purpose  of  this  section  is  to  estimate  numerically  those  parameters  by 
using  the  inverse  method  developed  in  Section  S.5. 

For  input  data,  we  can  use  the  local  eigenvalues,  which  were  estimated  in  Chapter 
4.4  by  applying  the  Hankel  transform  to  the  pressure  field  in  a  wedge-type  bcMtom 
environment  In  that  cluster  we  also  focused  on  the  azimuthal  direction  of  0«7O*  and 
tried  to  detect  the  local  eigenvalues  along  a  radial  in  this  direction.  First  we  estimated  the 
local  eigenvalues  by  using  die  zero-order  Hankel  transform  with  a  sliding  window 
(Figure  4-10);  then  we  compensated  for  the  deficit  in  the  estimated  values  by  using  the 
general  Hankel  transform  with  a  2-D  sliding  window  (Figure  4-18).  In  the  current 
section,  we  estimate  the  geoacousdc  parameters  by  using  these  uncompensated  and 
compensated  values  as  input  data,  then  we  compare  these  two  sets  of  estimated 
parameters. 

In  order  to  utilize  the  inverse  method  given  by  Eq.(S'83)  or  Eq.(5-87),  we  need  to 
provide  the  range  variation  of  the  local  eigenvalue  as  input  data.  When  taking 

AkJj)  in  accordance  with  Eq.(5-82),  we  have  to  choose  the  distance  Ar  so  that  AK,(r) 
is  within  the  range  of  linear  variation.  This  is  due  to  the  fact  that  the  inverse  method 
developed  in  Section  5.4  is  based  on  linear  perturbation  theory.  But  too  small  a  step  for 
Ar  leads  to  an  inefficient  calculation.  Therefore  let  us  first  approximate  ir,(r)  by  a 

linear  curve  fitting  every  mode.  Figure  5-10  shows  these  results  for  the  estimated  local 
eigenvalues.  The  dots  (  •  )  represent  the  compensated  peak  positions  in  wavenumber, 
which  were  obtained  by  using  the  general  Hankel  transform  with  a  sliding  window  in 
Chapter  4.4;  the  segmented  straight  lines  stand  for  the  linear  fits  to  those  data,  whoe  the 
portion  between  the  points  (  o  )  has  a  constant  gradient  ( dKjdr).  These  points  are 
determined  in  accordance  with  the  variation  of  ir,(r);  i.e.,  when  it  changes  nonlinearly. 
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we  need  to  lejnesent  it  by  shorter  line  segments.  We  can  then  sample  ir.(r^)  at  r^  on 
each  linear  segment  at  a  suitable  interval  Ar^.  Here  we  set  so  that  does  not 
exceed  100m.  Note  that  is  not  i»cessaxily  constant  and  can  vary  depending  oa  die 
variation  of  r.(r). 

The  input  data  ^ir.Cr^)  determined  in  this  way  are  then  used  in  Eq.(S-87).  Since  die 

water  column  (J^l)  and  die  subbottom  0^)  are  assumed  to  be  range-independent  in  die 
present  model,  we  can  set  Ah^,  Ac^,  Ag^,  and  Ay,  defined  in  Eq.(S-81)  to  be  zero. 

Besides,  we  can  assume  diat  the  bathymetric  variadmi  is  known  a  priori  and  so  A\  is 
placed  on  the  left-hand  side  of  Eq.(5-87).  Hence  we  have  a  total  dTfive  unknowns:  Ac^ 
and  Ag^  in  die  first  sediment  layer,  and  idc,,  Ag^,  and  in  the  secrnid  sediment  layer. 

Since  die  total  number  of  given  modes  is  five,  5  in  Eq.(S-88)  becomes  a  SxS  regular 
matrix.  Here  let  us  i^ly  the  normalization  procedure  in  Eq.(5-95)  to  iD  in  order  to 
reduce  the  difference  in  the  magnitudes  of  those  variations  and  to  obtain  a  reliable 
numerical  solution.  Then,  by  solving  Eq.(S-88)  at  each  r<,  we  can  determine  those 

unknown  parameters  at  each  range.  Hgures  5-1  l(a)-(d)  compare  these  inverse  solutions 
with  exact  ones,  which  were  provided  in  Chapters  3.4  and  4.4.  In  Rgures  5-1  l(cHd), 
note  diat  and  c,  represent  the  sound  speeds  at  the  sediment  interface  depth  ^(r)  and 
h,(r),  respectively,  instead  of  c,  and  c,  at  fixed  depths  defined  in  Section  5.4; 
can  be  calculated  by  using  Eq.(5-51)  since  we  have  estimated  Cj  along  with  the  gradient 
Qj  in  each  layer.  It  can  be  observed  that  the  estimated  parameters  talra  on  values  close  to 

the  exact  values.  The  difference  between  the  two  curves  is  due  to  the  approximation  of 
the  input  data  Ax^ir^) .  The  3-D  pictures  of  the  sound  speed  profile  in  the  are 

also  compared  in  Hgures  5-12(a)  and  (b)  and  are  almost  identical. 

Case  Pf  uncompensated  local  eigenvalues 

Here  let  us  examine  the  case  where  we  use  the  uncompensated,  estimated  values  for 
the  local  eigenvalues  as  input  data  fm-  the  inverse  method;  these  were  obtained  by  using 
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Table  S-1:  Matrix  component  in  Eq.(5-94) 


parameter  (diagtxial  term) 


fh 

O2 

O2 

Cl 

Cl 


6.83 
13.66 

3.86 

5.83 
4.62 


die  zero-order  Hankel  transform  in  Cluster  4.4,  as  shown  in  Figure  4-10.  By  following 
the  same  piocedure  as  above,  we  can  determine  the  unknown  geoacoustic  parameters. 
The  results  are  shown  in  Figure  S-13.  As  compared  to  the  above  compensated  case,  we 
observe  that  the  difference  between  the  estimated  and  exact  parameten  has  increased 
noticeably.  This  difference  increases  with  range  as  the  error  in  the  estimate  of  ir,(r) 

increases  with  range.  In  particular,  the  difference  in  die  gradient  of  the  first  sediment 
layer,  is  prominent  This  can  be  understood  from  Table  5-1,  where  the  square  root  of 
the  diagonal  term  in  the  matrix  in  Eq.(5-94)  is  listed.  The  variance  of  the  estimated 
parameters  is  prqxntional  to  this  component;  the  value  for  yj  ^  the  largest  ^aiiich 
accounts  for  the  prominent  difference. 


Underdet 


lease 


Next  we  still  study  the  case  of  an  underdetmmined  problem,  in  which  the  total 
number  of  modes  is  less  dian  the  number  of  unknown  parameters.  Suppose  that  die 
ctmipensated  value  of  the  local  eigenvalues  is  given,  but  only  four  modes  are  available  in 
total.  As  shown  in  Eq.(5-92),  we  can  make  use  of  the  SVD  method  to  solve  this 
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underdetermined  problem.  Here  let  us  omsider  the  following  two  cases:  oat  is  dte  case 
wbeit  modes  1-4  are  employed  and  the  other  is  the  case  where  modes  2-S  are  employed. 
Hgures  S>14  and  S-IS  show  the  results  of  q>plying  the  SVD  method  to  each  case.  Figure 
5-16  also  compares  the  3-D  pictures  of  die  sound  speed  profile  in  the  sediment  bottom  in 
each  case.  In  the  former  case,  we  have  a  relatively  large  error,  especially  for  ranges 
greater  dian  2000  m.  On  the  contrary,  in  the  latter  case,  we  obtain  almost  the  same  result 
asforthedetenninedcaseinHgureS-lO.  As  seen  from  a  comparison  rtf' diese  two 
results,  we  can  deduce  that  mode  5  carries  more  information  about  the  sediment 
properties  of  the  second  layer  than  mode  1.  This  is  because  the  turning  point  depth  of 
mode  1  is  located  inside  the  first  sediment  layer  and  so  diis  mode  is  less  sensitive  to  the 
range  variation  of  the  second  sediment  layer. 

In  this  subsection,  we  demonstrated  through  simulated  examples  that  we  can 
accurately  estimate  the  unknown  parameters  in  our  shallow  water  model  by  using  the 
inverse  method  developed  in  Section  S.5.  Next  we  observed  that  the  error  in  the 
estimated  parameters  increases  when  using  the  underestimated  local  eigenvalues  as  input 
data,  which  were  obtained  by  using  the  zero-order  Hankel  transfonn  with  a  sliding 
window  in  Chapter  4.4.  Hnally,  we  showed  that  the  SVD  method  works  well  for  the 
underdetermined  case  as  long  as  we  choose  the  modes  properly. 
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Figure  5-10:  Estimated  local  eigenvalues  obtained  by  using  the  general  Hankcl  transform  with  a  sliding  window 
and  linear  fits  to  these  eigenvalues  (-o-). 


Figure  5>1 1:  CompahscHi  of  the  exact  and  estimated  geoacoustic  parameters  in  the  shal¬ 
low  water  model.  The  compensated  local  eigenvalues  are  used  for  the  estimation  of 
parameters,  (a)  Sediment  interface  depth  (b)  sound  speed  gradients  and  g^, 

(c)  sound  speed  Cj  at  interface  depth  h,.  and  (d)  sound  speed  c,  at  interface  depth  h^. 
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Figure  5-12:  Comparison  of  3-D  pictures  of  the  sound  speed  profiles  in  the 
sediment  bottom,  (a)  Biimated  and  (b)  exact  profiles. 
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Figure  5-13:  Comparison  of  the  exact  and  estimated  geoacoustic  parameters  in  the  shal¬ 
low  water  model.  The  uncompensated  local  eigenvalues  are  used  for  the  estimation  of 
parameters,  (a)  Sediment  interface  depth  A,,  (b)  sound  speed  gradients  and  Pj, 

(c)  sound  speed  Cj  at  interface  depth  Aj,  and  (d)  sound  speed  at  interface  depth  A, . 
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Figure  5-14:  Comparison  of  the  exact  and  estimated  geoacoustic  parameters  in  the  shal¬ 
low  water  model  in  the  underdetermined  case.  The  local  eigenvalues  of  modes  1-4  are 
used  in  the  SVD  method  for  the  estimation  of  the  parameters,  (a)  Sediment  interface 
depth  A3,  (b)  sound  speed  gradients  and  g,,  (c)  sound  speed  c,  at  interface  depth  Aj, 
and  (d)  sound  speed  c,  at  interface  depth  A3. 
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Figure  5-15:  Companscm  of  the  exact  and  estimated  geoacoustic  parameters  in  the  shal¬ 
low  water  model  in  the  underdetermined  case.  The  local  eigenvalues  of  modes  2-5  are 
used  in  the  SVD  method  for  the  estimation  of  the  parameters,  (a)  Sediment  interface 
depth  Aj,  (b)  sound  speed  gra-dients  and  g^,  (c)  sound  speed  Cj  at  interface  depth  h^, 
and  (d)  sound  speed  c,  at  interface  depth  h^. 
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2  (b) 


Figure  5-16:  Comparison  of  3-D  pictures  of  inferred  sound  speed  profiles  in  the 
sediment  bottom  in  the  underestimated  case,  (a)  Modes  1-4  and  (b)  modes  2-5  are 
used  as  input  data  in  the  inverse  method. 
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5.7  Summary 

Id  this  chapter  we  explored  a  method  for  detennining  the  local  properties  of  the 
btmom  sediment  frmn  die  local  eigenvalues;  these  eigenvalues  were  estimated  by 
applying  the  Hankel  transform  with  a  sliding  window  to  the  pressure  field  in  a  horizon¬ 
tally  as  well  as  vertically  varying  waveguide. 

In  Section  S.l,  in  order  to  provide  a  basis  for  the  development  of  an  inverse  mediod 
for  determining  die  range-dependent  geoacoustic  parameters,  we  set  up  a  horizontally  and 
vertically  varying,  multilayered  model  for  the  bottom  sediment  in  shallow  water. 

In  Section  5.2,  based  on  the  bottom  model  set  up  in  Section  S.l,  we  derived  die 
lelatitHi  between  the  perturbed  local  eigenvalues  and  perturbed  geoacoustic  parameters  by 
utilizing  linear  perturbation  thetny. 

In  order  to  ccmtirm  the  validity  of  the  result  obtained  in  Section  SX  we  applied  it  to 
a  range-dependent  Pekeris  model  in  Section  5.3.  We  showed  that  the  resulting 
perturbation  relation  firom  Section  5.2  yields  a  result  which  is  equivalent  to  that  obtained 
by  direcdy  differentiating  the  characteristic  equation. 

In  Section  5.4,  by  representing  the  sound  qieed  in  each  layer  by  an  n^-linear  curve,  we 
showed  that  the  integral  in  the  perturbation  relation  can  be  executed  in  closed  fonn.  As  a 
result,  we  revealed  that  the  variation  of  the  local  eigenvalues  can  be  separated  into  terms 
that  depend  on  the  range  variations  of  the  sediment  interface  depths,  the  sound  speed  and 
gradient  in  each  sediment  layer,  and  the  sound  speed  profile  in  the  water  colurim. 

Based  on  the  perturbation  equation  derived  in  Section  5.4,  we  developed  an 
inversion  method  for  determining  the  geoacoustic  parameters  in  Section  5  J.  We  then 
demonstrated  that  we  could  obtain  the  range-^pendent  behavior  of  these  parameters  by 
solving  the  simultaneous  perturbation  equations  at  successive  ranges.  When  the  number 
of  local  modes  is  less  than  the  number  of  unknown  geoacoustic  parameters,  we  showed 
that  we  can  apply  the  singular  value  decomposition  (SVD)  method  to  this  under¬ 
determined  problem. 
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In  Section  5.6,  to  check  numerically  the  methods  derived  in  diis  chapter,  we  applied 
them  to  the  shallow  water  model  used  in  CStapter  4.4.  First,  we  deccunposed  the 
perturbed  local  eigenvalue  into  terms  assocuued  with  the  perturbed  geoacoustic 
parameters  by  using  the  perturbation  equatitm  derived  in  Section  5.4.  Then  we 
determined  which  geoacoustic  parameters  have  dte  smmgest  influence  <m  the  range 
variatioo  of  each  local  mode.  We  observed  that,  in  this  shallow  water  model,  mode  2  is 
less  affected  by  the  range  variation  of  the  second  sediment  layer,  whereas  mode  5  is 
smmgly  affected  by  die  range  variation  of  tte  first  and  sectmd  interface  depdis. 

Second,  by  assuming  that  these  geoacoustic  parameters  were  unknown,  we  tried  to 
determine  them  by  applying  the  inverse  mediod  developed  in  Chapter  5.5  to  die 
compensated  local  eigenvalues  estimated  in  Chapter  4.4;  these  eigenvalues  were  obtained 
by  using  the  general  Hankel  transform  with  a  2>D  sliding  window.  As  a  result,  we 
showed  that  we  can  estimate  accurately  diese  unknown  range-dqiendent  parameters. 
Next,  we  used  the  underestimated  values  for  the  local  eigenvalues  as  input  data;  these 
eigenvalues  were  obtained  by  using  the  zercKnder  Hankel  transform  with  a  sliding 
window  in  Chapter  4.4.  As  a  result,  we  observed  that  the  error  in  die  estimation  for  the 
geoacoustic  parameters  increased;  in  particular,  die  cttot  in  the  sound  speed  gradient  of 
the  first  sediment  layer  is  prominent  This  was  accounted  for  by  the  stability  relation 
between  the  input  and  output  data  in  the  perturbed  simultaneous  equations.  Moreover, 
we  tried  to  determine  the  five  unknown  parameters  by  using  four  modes.  We  applied  the 
S  VD  mediod  to  this  underdetermined  problem  and  cmisequendy  could  obtain  geoacoustic 
parameters  close  to  the  exact  ones  when  we  chose  the  modes  properly  (modes  2-5).  It 
was  seen  diat  these  results  are  related  to  the  locaticm  of  the  turning  point  depth  of  each 
mode  and  its  connection  to  the  depths  of  the  unknown  parameters. 

In  the  next  chapter,  we  will  analyze  some  experimental  data  by  using  the  methods 
developed  so  far. 
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Chapter  6 

Analysis  of  Experimental  Data 


We  studied  die  zercMnder  and  general  Hankel  transfonn  widi  a  sliding  window  in 
Chapteis  3  and  4,  lespecdvely.  and  also  applied  each  transfonn  to  numerically  simulated 
fields.  In  diisclupter,  we  will  analyze  some  experimental  data  by  using  die  Hankel 
transfonn  with  a  sliding  window  and  estimating  die  local  eigenvalues  of  the  discrete 
modes.  Then,  by  using  diese  local  eigenvalues,  we  will  find  a  geoacousdc  model  triiose 
local  eigenvalues  agree  satisfactorily  with  die  estimated  ones.  Based  on  this  inferred 
model,  we  will  exam^  the  effect  of  range-dependent  variation  of  die  sediment  bottom 
on  the  range  variation  of  the  local  modes. 

d.1  Nantudcet  Sound  experiment 

In  diis  aectitm,  we  will  examine  experimental  data  measured  in  Nantucket  Sound  by 
Risk  and  his  co-workers.  Figure  1-1  shows  the  configuration  of  diis  experiment;  die 
details  can  be  found  in  Ref.  30.  The  acoustic  pressure  due  to  a  CW  source  towed  away 
firom  to  1320  m  was  rectnded  by  receivers  at  two  different,  fixed  depdis  (7.1  m  and 
12  Jm).  Here  the  z  axis  is  fixed  at  the  reedver  position  as  in  Figure  3-8.  The 
bathymetry  observed  over  this  range  has  a  noticeable,  but  small,  change  at  a  range  of 
abouttitiOm.  The  sound  speed  in  the  water  column  is  ctmliimed  firom  temperature 
measurements  to  be  isovelocity  widi  c»lS03  m/s. 

Since  these  field  measurements  were  taken  azimuthally  in  one  direction,  we  cannot 
use  the  general  Hankel  transform  with  a  sliding  window,  which  requires  a  fidd  widi 
dififerent  azimuths  as  we  discussed  in  Chapter  4.  Here,  by  assuming  diat  the  field  is 
cylindrically  symmetric  about  the  receivers,  we  use  the  zero-order  Hankel  transfmm  with 
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1  slidinf  window.  The  ouQMit  of  qiplying  die  Hankel  transform  in  Eq.(3-30)  to  the 
pressure  dtta  at  140  Hz  is  diown  in  Hgure  6>1  in  the  form  of  versus  both 

k,Madr.  In  diis  prooessinf,  a  Hanning  window  wid)  a  500  m  length  was  applied  by 
diding  its  center  poaitioo  evoy  S  m.  Figure  6>1  indicates  that  two  peaks  associated  widi 
die  first  and  second  modes  evdve  with  range  and  their  peak  positions  in  k,  experience  a 
relatively  strong  shift  at  about  rs500m.  This  result  can  account  for  die  qilitting  of  die 
qiectral  peaks  edien  die  Hankel  transform  is  applied  over  die  entire  1320  m  qmture  (see 
Figure  1-2).  Of  particular  interest  is  the  fact  diat  the  range  where  die  peak  shift  occurs  is 
different  frmn  the  range  of  the  pronounced  bathymetric  change  ir-660  m).  Reference  30 
assumed  that  the  sediment  bottom  also  changes  its  geoacoustic  properties  at  r«660  m  and 
divided  the  waveguide  into  two  aectimis  at  this  range;  the  Hankel  transfonn  was  then 
qiptied  to  each  sectitm  of  this  waveguide  in  mder  to  obtain  eigenvalues  for  each  section. 

In  order  to  examine  the  range  of  this  shift  further,  let  us  elucidate  die  range  evtdution 
of  the  sectmd  mode,  whose  amplitude  is  weak  compared  to  the  first  mode  and  is 
especially  difficult  to  recognize  for  the  near-bottom  receiver.  This  is  due  to  the  fact  that 
the  location  of  the  near-bottom  receiver  m)  is  close  to  the  null  of  the  seamd 
mode.  To  enhance  the  spectral  comptment  associated  with  the  second  mode,  the  utility  of 
mode  filtering  is  desirable.  As  discussed  in  Chapter  3.3,  knowledge  about  the  bottom 
envirotur  em  at  the  array  site  (rsQ  m)  is  then  required  to  execute  mode  filtering.  This 
botuxn  environment  was  inferred  by  resorting  to  die  iteration  of  forward  models  mediod. 
Namely,  we  calculatul  ihe  pressure  field  including  its  phase  by  changing  the  geoacoustic 
parameters  repeatedly  until  it  best  fit  the  measured  pressure  field  near  die  site  (r^OO  m). 
By  using  the  infmred  bottom  envirmiment  at  die  array  site,  the  matrix  U  in  Eq.(3-58)  was 
calculated.  Figure  6-2  shows  the  range  evolution  of  die  firet  ami  sectnid  modes  after  die 
^iplicatitm  of  mode  filtming.  As  seen  from  the  spectrum  Mode  2  in  Hgutes  6-2,  die 
first  mode  is  not  completely  eliminated  and  prevails  over  tlic  seccmd  mode  at  ranges 
where  the  second  mode  fully  ^ ^^ue  to  its  stronger  modal  attenuation.  This  is  partly 
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Figure  6-1:  Range-dependent  evolution  of  the  modal  spectrum  obtained  by  applying  the 
zero-order  asymptotic  Hankel  transform  with  a  sliding  Hanning  window  of  5(X)m  length 
to  the  Nantucket  Sound  data  at  140  Hz.  The  midcolumn  receiver  (left)  and  the  near¬ 
bottom  receiver  (right). 
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Mode  2  Mode  1 


Figure  6-2:  Range-dependent  evolution  of  the  modal  spectrum  obtained  by  applying  the 
zero-order  asymptotic  Hankel  transform  with  a  sliding  Hanning  window  of  5(X)m  length 
to  the  mode-filtered  Nantucket  Sound  data  at  140  Hz.  Mode  1  (right)  and  mode  2  (left). 
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becmse  of  die  eiror  in  die  estimation  of  the  bottom  pnqieities  at  the  array  site  and  also 
pardy  because  of  inadequate  synchiooizatimi  in  the  phases  measured  at  die  two  receiven. 
From  die  enhanced,  mode-filtered  amplitude  of  the  second  mode,  however,  we  can 
ooofinn  duu  die  peak  shift  of  die  second  mode  also  oocun  at  a  ranfe  less  dian  660  m. 

Rgure  6-3  diows  die  peak  podtioos  of  the  first  and  second  modes  fiom  each 
qiectnim  in  Rgure  6-2;  diese  peak  positions  are  also  compared  with  those  obtained  by 
Implying  the  same  processing  to  the  simulated  pressure  field.  This  field  was  generated 
using  adiabatic  mode  theory  (Eq.(2-12))  widi  a  geoacoustic  model  having  die  i^linear 
profiles  shown  in  Rgures  6-4(a>-(d).  This  model  was  infeired  by  trial  and  enor,  by 
changing  die  values  of  the  geoacoustic  parameters  until  the  measured  and  cmnputed 
modal  peak  trajectories  produced  die  level  of  agreement  shown  in  Rgure  6-3.  By 
comparing  the  inferred  sound  speed  and  its  gradient  with  die  results  of  Hamilton  [84],  we 
assumed  that  the  bottom  consists  of  silt  and  sand  layers.  This  geoacoustic  model  was 
also  checked  by  comparing  the  measured  ami  simulated  pressure  fields.  Rgures  6-S(a) 
and  (b)  show  die  comparison  of  the  relative  amplitudes  and  modulated  phases, 
respectively. 

Since  the  sound  speed  gradient  of  sand  takes  on  a  large  value  near  the  water-bottom 
interface  and  decreases  nqiidly  with  depth  [84],  the  sound  speed  profile  in  the  sandy 
portion  was  partitioned  into  four  layers  having  different  gradients  as  shown  in  Rgures  6- 
4(c)  and  (d).  Note  that  the  gradient  and  the  sound  speed  at  each  sand  layer  depth  ne  not 
independent  of  each  other  in  older  to  satisfy  the  conditicm  of  continuous  sound  speed 
across  die  layer  interfaces.  In  spite  of  this,  we  have  a  total  of  thirteen  unknown 
parameters  and  so  we  could  not  effectively  use  the  inverse  methods  from  Chapter  5  J.  As 
indicated  in  Rgure  6-4,  however,  we  were  able  to  estimate  that  die  geoacoustic  properties 
in  the  sediment  change  significandy  at  about  r^SOO  m  rather  than  r^660  m. 

At  this  point,  by  using  the  inferred  geoacoustic  model,  let  us  examine  the  effect  of 
the  error  that  has  originated  from  the  finite  lengdi  of  the  window  in  the  Hankel  transform. 
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Sound  Speed  Gradient  (s" ' )  Depth  (m) 


Figure  6-5;  Comparison  of  the  measured  and  simulated  pressure  fields, 
(a)  Relative  amplitude  and  (b)  modulated  phase.  Both  phases  in  (b)  are 
modulated  as  <P(r)  -•>  ^P{r)-k^r  with  -  to/Co  and  Co=1550  m/s. 
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Figure  6-5,  continued. 
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In  Figure  6>6,  we  compare  the  modal  peak  trajectories  obtained  by  using  the  100  m  and 
300  m  length  Hanning  windows  after  the  implication  of  mode  filtering;  in  this  figure,  the 
exact  eigenvalues  are  also  shown.  As  also  detailed  in  Chimter  3-2.  the  peak  position 

obtained  using  the  SOO  m  length  window  has  a  larger  departure  than  that  obtained  using 
die  100  m  lengdi  window  at  ranges  where  is  large;  we  can  observe,  however, 

diat  both  trajectories  have  a  relatively  strong  shift  at  about  the  same  range  (rsSOO  m). 
Thoefore,  fiom  this  result,  we  can  see  that  the  finite  length  of  the  window  is  not 
associated  with  the  difference  between  the  two  ranges  (500  m  and  660  m). 

Hnally,  based  on  the  inferred  bottom  model  in  Hgure  64,  we  may  study  the 
influence  of  the  lateral  changes  in  bottom  properties  on  the  range-dependent  evolution  of 
the  modal  eigenvalues  by  using  the  perturbation  relation  in  Eq.(S-76).  Figure  6-7  shows 
that  Ak,  is  decomposed  into  terms  associated  with  the  variation  in  bathymetry,  the  depth 

of  the  sediment  interface  between  the  silt  and  the  sand  layers,  and  the  sound  speed  in  the 
silt  and  sand  layers.  From  these  results,  it  is  seen  that  the  lateral  change  in  the  interface 
between  the  silt  and  the  sand  layers  contributes  most  significantly  to  the  range  variation 
of  the  local  eigenvalues  in  this  inferred  model. 
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Figure  6-6:  Comparison  of  the  modal  peak  trajectories  resulting  from  applying  different  length  (L)  Hanning 
windows  to  the  simulated  field  data.  The  exact  local  eigenvalues  are  also  shown. 
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Figure  6-7:  Decomposition  of  perturbed  local  eigenvalues  into  the  terms  associated 
with  the  perturbed  geoacoustic  parameters,  (a)  The  first  mode  and  (b)  the  second 
mode  of  the  simulated  field  data. 


€2  Hudson  Canyon  experiment 

b  this  section  we  wiU  analyze  a  subset  oi  experimental  data  measured  in  Hudstm 
Canyon  on  the  New  Jersey  ctmtinental  shelf  (Hgure  6-8)  by  Carey  and  his  co-wockers 
[8S,86].  In  this  experiment  the  field  measurements  were  carried  out  with  a  vertical  array 
of  24  equally  spaced  hydrophones  as  shown  in  Figure  6-9.  Here  we  focus  on  the 
aepararimi  of  modes  by  using  mode  filtering  allied  to  die  ouqmt  of  the  vertical  array. 

The  field  data  we  chose  to  analyze  here  are  die  acoustic  pressure  due  to  a  CW  source 
of  SO  Hz,  which  was  towed  firom  about  r*4000  m  to  100  m  along  a  track  parallel  to  die 
shelf(TL2).  This  track  was  designed  to  have  a  unifonn  water  depdi.  The  badiymetry 
was  measured  using  a  UQN-IS  fathometer  and  the  water  depth  along  this  track  has  a 
mean  value  of  72.0  m.  The  sound  speed  in  the  water  column  was  also  obtained  by  using 
both  a  Sound  Velocity  Profiler  (SVP-16)  and  a  Conduedvity  Temperature  and  Dqidi 
(CTD)  system:  the  former  measures  sound  speed  diiecdy,  whereas  die  latter  measures 
conductivity  and  temperature  fitmi  which  sound  speed  is  calculated.  Figure  6-10  shows 
die  SVP  and  CTD  sound  speed  profiles  for  tte  TL2  run. 

The  wavenumber  spectrum  can  be  obtained  by  applying  the  zero-order  asymptotic 
Hankel  transform  in  Eq.(3-26)  to  this  pressure  field  over  the  entire  4000'm  range.  In  this 
transform  we  can  use  a  rectangular  window  (Eq.(3-2S))  to  truncate  the  pressure  field  at 
4000  m  and  no  weight  is  employed  in  order  to  handle  equally  the  wavenumber 
components  at  each  range.  Figure  6-ll(a)  shows  die  wavenumber  spectrum  obtained  by 
using  receiver  H18  (zbS7.5  m).  Each  spectrum  has  a  different  shiqie,  depending  on  die 
receiver  depth  as  shown  in  Figure  6-12(a),  since  the  eigenfimetiem  of  each  mode  varies 
with  depdi.  The%  spectra,  however,  have  peaks  at  the  same  positions  in  wavenumber. 
Figure  6-1 1(b)  shows  the  spectrum  averaged  fOT  all  receivers  and  Table  6-1  lists  the  peak 
positions  in  this  spectrum. 

If  the  sediment  properties  are  range-independent  along  the  track  TL2  and  horizontal 
refiaction  is  small  enough  to  be  negligible,  then  we  can  determine  the  eigenvalues  of  the 
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Donnal  inodes  fiom  the  peak  positioiis  in  the  avenge  spectnim.  Bom  the  narrow 
bandwidth  around  the  spectral  peaks  of  the  first  and  second  modes,  we  can  expect  that  the 
aeditt  near  the  water>boctom  interface  is  almost  horizontally  stratified.  On  the  other 
hand,  it  is  observed  in  Figure  6>l2(a)diat  for  the  receivers  H17  through  H24  the  spectral 
peak  of  die  fourth  mode  is  split  From  this  result  only,  we  cannot  determine  if  die  qilit  is 
due  to  range-dependence  in  die  lower  pordcm  of  aediment  or  due  to  other  effects  such  as 
noise  interference. 

Based  oa  the  assumpdtm  diat  the  medium  along  the  track  1L2  is  range-independent 
the  sound  speed  in  the  bottom  can  be  inferred  by  applying  a  peiturbadve  inverse  method 
[Rtyan,  50]  to  the  peak  positions  in  Table  6-1.  The  dots  in  Figure  6-13  show  die  sound 
speed  Obtained  by  Rtgan  using  diis  technique.  The  segmented  lines  in  the  same  figure 
represent  a  sequence  of  n^linear  fits  to  this  profile. 


Table  6-1:  Peak  posidmis  of  the  spectrum  in  Figure  6-11  and  mode  eigenvalues 
of  the  simulated  field. 


mode 


peak  posidmi  (m-^)  eigenvalue  (m-i) 
(measure  field)  (simulated  &ld) 


1  0.2086  0.2086 

2  0.1992  0.1992 

3  0.18S2  0.1850 

4  0.1735  0.1735 

5  0.1634  0.1628 

6  0.1518  0.1513 
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Figure  6-8:  Hudson  Canyon  experimental  area  [86]. 


Figure  6-9:  Vertical  array  of  receivers  [85,86]. 


223 


224 


Wavenumber  Spectrum 


(b) 


Figure  6-1 1;  Wavenumber  spectrum  obtained  bv  applying  the  asymptotic  Hankel 
transform  to  the  pressure  field  over  the  entire  4000  m  range,  (a)  Receiver  H18 
and  (b)  average  for  all  receivers. 


Rgure  6-12:  Wavenumber  spectra  at  difTercnt  receivers,  (a)  Measured  and  (b)  simulated  data. 


Sound  Speed  (m/s) 


Figure  6-13:  Sound  speed  (o)  obtained  by  a  perturbative  inversion  method  [Rajan,  50] 
and  the  n^.iinear  fit  (-*- ). 


By  using  this  it^linear  profile  in  the  depth  equation  (Eq.(2*3)).  we  can  calculate  tte 
nonnal  modes.  The  resulting  eigenvalues  are  listed  in  Table  6-1  and  are  compared  with 
die  peak  positions  of  the  spectrum.  It  can  be  confiimed  that  bodi  values  agree  welL 
Figure  6-14  shows  a  set  of  eigenfunctions  for  these  modes.  By  substituting  these 
eigenvalues  and  eigenfunctions  into  Eq.(2-6)«  we  simulated  the  pressure  fiehl  and 
compared  it  with  the  measured  cme  in  Figure  6-lS.  Again  it  can  be  confiimed  diat  both 
pressure  fields  agree  very  welL  We  can  also  observe  in  Figures  6-15(a)  and  (c)  a  bimodal 
interference  pattern  in  the  ouqiut  of  reoeiven  H8  (a»32 J  m)  and  H18  m), 

respectively.  This  arises  because  die  pressure  at  these  depths  is  dominated  by  the  first 
and  second  modes,  which  can  be  seen  fixxn  the  two  strcmg  peaks  in  Hgure  6-12(a).  The 
interference  distance,  or  so-called  "skip  distance",  is  given  by  2jr/dr.  where  dr  is  die 
difference  between  eigenvalues  of  adjacent  modes.  Bom  Table  6-1.  we  have 
dr  ■  r,  -  rj  •0.0094  and  thus  the  skip  distance  becmnes  668  m.  which  agrees  well  with 
the  inteiference  distance  shown  in  Figures  6-lS(a)  and  (c).  In  contrast,  we  do  not  observe 
a  regular  inteiference  pattern  in  Figure  6-15(b).  This  is  due  to  die  fact  that  the  depth  of 
receiver  H14  (2^47.5  m)  is  close  to  the  node  of  the  second  mode  (see  Figures  6-12(a)  and 
6-14)  and  this  mode  contributes  less  to  the  pressure. 

We  can  obtain  the  wavenumber  spectrum  fat  the  simulated  pressure  by  using  the 
same  Hankel  transform  operation  as  that  used  for  the  measured  pressure.  Figure  6-12(b) 
represents  a  set  of  wavenumber  spectra  for  the  simulated  field  at  the  receiver  depths 
shown  in  Figure  6-9.  As  discussed  in  Cluster  3.1.  these  qiectra  correspond  to  the  depth- 
dependent  Green's  function  because  of  the  horizontally  stratified  assumptitn.  Both 
qiectra  agree  very  well  with  small  differences  in  the  behavior  of  the  third  and  fourdi 
modes  only.  This  difiinence  could  be  due  to  errcrs  in  the  geoacoustic  model  including 
the  assumption  of  range  independence  for  the  lower  portion  of  the  sediment  colunm. 
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Figure  6-15:  Comparison  of  the  measured  and  simulated  acoustic  pressure  fields. 
Phases  are  modulated  as  <P(r)  -*  4>(r)  -k^r  with  k^  -  (o/Cg  and  Co  =  1500  m/s. 
Receivers  (a)  H8,  (b)  H14,  and  (c)  HI 8. 
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Figure  6-15,  continued. 
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continued. 


Next,  in  order  to  examine  the  range  dependence  of  the  eigenvalues,  let  us  first  try  a 
sliding  window  in  the  asympttMic  Hankel  transform.  Since  die  field  measurements  in  this 
experiment  were  executed  in  two  directions,  U.,  parallel  and  perpendicular  to  the  slope 
(Rguie  6>8),  we  cannot  utilize  the  general  Hankel  transform  due  to  a  lack  of  field  data  for 
varying  azimuths.  Thus,  on  the  assumption  of  weak  lefractitm  in  the  horizontal  ditectum, 
we  will  use  a  zetD-order  asymptotic  Hankel  transform  with  a  sliding  window.  Figatt  6- 
16  shows  the  ou^ut  of  this  transform  when  using  the  Hanning  window  with  a  length  of 
1000  m.  As  seen  from  the  interference  pattern,  the  first  and  second  modes  interfere  widi 
each  other  in  the  output  spectrum.  Also  we  cannot  recognize  the  spectral  peaks  cone- 
qxmding  to  the  third  and  ftmrth  modes.  Thus  we  carmot  determine  the  local  eigenvalues 
fxom  this  resulting  spectrum. 

Hence,  let  us  separate  the  pressure  by  individual  modes  with  the  use  of  mode 
filtming.  By  assuming  that  the  sound  speed  jnofile  at  the  array  site  is  the  same  as  that  in 
Figure  6-13,  we  may  use  the  mode  eigenfunctions  shown  in  Figure  6-14  in  Eq.(3-58). 
Here  we  set  N»6  in  this  equaticm  because  the  sixth  mode  is  the  largest  one  whose  phase 
velocity  does  not  exceed  the  maximum  sound  speed  (2070  m/s)  in  tire  profile  in  Hgure  6- 
13.  To  solve  Eq.(3-58),  we  have  to  execute  the  general  inverse  shown  in  Eq.(3-64).  In 
the  present  problem,  however,  Eq.(3-64)  results  in  an  unstable  solution.  This  arises 
because  one  of  the  eigenvalues  of  the  matrix  in  Eq.(3-67)  takes  on  a  small  value  as  shown 
in  Table  6-2.  (Note  that  these  eigenvalues  in  Table  6-2  must  be  distinguished  from  die 
modal  eigenvalues  in  Table  6-1.)  Therefore  can  use  the  EDM  with  I»5  in  Eq.(3-76) 
to  execute  die  generalized  inverse.  As  a  result,  the  output  of  mode  filtering  is  shown  in 
Hgure  6-17,  where  it  has  been  transformed  into  the  spectrum  by  using  the  same  Hankel 
transform  as  that  used  in  Figure  6-16.  As  seen  firom  a  comparison  with  Figure  6-16,  the 
first  and  second  modes  are  separated  well.  The  third  mode,  however,  is  not  completely 
isolated.  This  could  be  due  to  an  error  in  die  eigenfunction  for  the  third  mode,  which 
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Table  6-2:  Eigenvalues  oi  the  matrix  in  Eq.(3^). 


4  mgenvalue  (A.^) 


1 

2 

3 

4 

5 

6 


0.6351 

0.6041 

0J166 

0.2864 

0.0353 

aooi2 


is  confinned  by  a  comparistm  of  the  spectra  of  the  measured  and  simulated  data:  die 
dqith  of  the  seotmd  null  in  the  measurement  is  closer  to  the  water-bottom  interface  dum 
dial  in  the  simulation  (see  Figure  6-12).  To  improve  this  result,  we  need  to  know  more 
exacdy  die  sound  speed  at  the  array  site. 

In  Older  to  examine  modal  evoluticm  further,  the  peak  tngectories  in  Figure  6-17  are 
plotted  in  Figure  6-18.  The  tngectories  of  dw  first  and  second  modes  are  reladvely  stable 
u  was  previously  expected  fioro  the  spectra  in  Figures  6-11  and  6-12.  Since  the  turning 
point  depth  of  the  seccmd  mode  is  located  at  about  15  m  below  the  water-bottom  interface 
(see  Figure  6-14),  we  can  infer  that  the  sedinrent  in  diis  regitm  is  nearly  horizontally 
stratified.  Although  the  local  eigenvalue  of  tire  fourth  mode  is  not  as  precise  as  diose  of 
die  first  and  second  modes  as  seen  from  Figure  6-17,  we  can  see  in  Figure  6-18  that  the 
trajectory  fluctuates  around  a  wavenumber  of 0.1755  for  ranges  less  dian  2000  m  whereas 
it  fluctuates  arcnind  a  wavenumber  of  0.1735  for  ranges  greater  than  20(X)  m;  diese 
wavemunbers  correqiond  tothe  peak  positions  of  the  split  peak  of  the  fourth  mode  as 
observed  in  Figures  6-1 1  and  6-12. 

As  compared  to  the  Nantucket  Sound  result,  we  find  that  the  local  eigenvalues  along 
die  track  TL2  in  the  Hudson  Canyon  area  are  relatively  stable  with  range  and  the 
sediment  bottom  in  this  direction  can  be  inferred  to  be  nearly  horizontally  stratified. 
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Figure  6-16:  Range-dependent  evolution  of  modal  sp^tra  obtained  by  applying 
the  zero-ofder  asymptotic  Hankel  transform  with  a  sliding  Hanning  window  of 
1000  m  length  to' the  experimental  data. 
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Figure  6-17:  Range-dependent  evolution  of  modal  spectra  obtained  by  applying 
the  zero-order  asymptotic  Hankel  transform  with  a  sliding  Hanning  window  of 
1000  m  length  to  the  mode-filtered  output. 
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Figure  6- 17,  continued. 
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Condusioiis 


hi  diis  final  ch^aer  we  summarize  die  results  obtained  in  Clusters  2  duou^  6  and 
briefly  discuss  some  thoughts  on  future  woric. 

hi  diis  thesis  we  focused  on  the  analysis  of  die  range  evolution  of  local  modes  caused 
by  horizontal  variation  of  die  sediment  bottom  in  shallow  water,  die  vaiiadon  dealt  with 
here  is  weak  so  as  to  allow  us  to  utilize  adiabatic  mode  theory.  Since  the  local  modes  are 
subject  to  spatial  changes  d  die  sediment  geoacoustic  properties,  we  first  tried  to  d^ect 
the  local  eigenvalues  by  using  the  asymptotic  Hankel  transform  widi  a  sliding  window 
together  with  mode  filtering.  Next,  in  an  attempt  to  obtain  die  spatial  variation  of  die 
sediment  properties  firom  the  range  variation  of  the  local  eigenvalues,  we  derived  an 
analytical  relationship  between  diese  two  variations  by  using  a  linear  perturbation 
method.  Based  on  this  relation,  an  inversion  mediod  for  determining  die  range-dqiendent 
geoacoustic  parameters  in  the  sediment  was  developed. 

In  Chapter  2  we  reviewed  the  normal  mode  and  adiabatic  mode  theories  for 
describing  the  acoustic  pressure  field,  hi  order  to  cope  with  a  3-D  varying  waveguide,  we 
also  reviewed  briefly  die  Nx2D  mediod  and  die  horizontal  ray  mediod. 

In  Chiqner  3,  in  order  to  detect  local  eigenvalues  in  a  range-dependent  but 
cylindrically  symmetric  waveguide,  we  utilized  the  zenMxder  asymptotic  Hankel 
transform  with  a  short  sliding  window.  The  effect  the  range-dependence  of  the  local 
dgenvalues  cm  the  Hankel  transfcnm  was  examined  analytically  by  expanding  the  phase 
term  of  the  adiabatic  mode  field  to  fourth  cnder.  In  a  single  mode  situaticm,  it  was  found 
that  the  departure  of  die  peak  position  in  the  output  spectrum  firom  the  local  eigenvalue 
depends  on  both  tire  second  derivative  of  the  local  eigenvalue  with  respect  to  range  and 
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the  window  length  and  type.  In  additioo  to  this  error,  another  type  erf  dqMuture  from  the 
local  eigravalue  is  induced  by  die  interferaice  with  the  sidelobes  of  adjacent  modes.  In 
order  to  attain  sepaiatioo  of  the  modes  prior  to  the  Hankel  transform,  we  used  mode 
CUteiing  by  incorporating  data  from  a  fixed  vertical  amy  of  receivers.  When  diis  filtering 
process  becomes  un^able  due  to  the  involvement  of  a  singular  matrix,  we  can  use  the 
eigenvector  decomposidoo  method  (EDM)  and  the  stabilized  least-mean-square  method 
(SLMS)  for  reliable  mode  separadon.  At  die  end  of  Chapter  3,  we  qiplied  die  methods 
discussed  in  diis  chapter  to  the  pressure  field  simulated  numerically  by  using  adiabaric 
mode  theory  in  a  model  of  a  laterally  inhomogenemu  shallow  water  waveguide.  The 
result  indicated  that  the  use  of  mode  filtering  improved  the  detection  oi  the  local 
eigenvalues.  When  the  field  included  higher  modes,  it  was  demtmsttated  that  the  EDM 
was  useful  in  providing  a  stable  result  for  mode  separadon. 

Chapter  4  was  devoted  to  detecdon  of  the  local  eigenvalues  in  a  3>D  varying  shallow 
water  environment  When  we  apply  the  zero-order  asymptodc  Hankel  transform  widi  a 
sliding  window  to  the  pressure  field  measured  along  a  radial  in  a  3-D  varying 
environment  then  we  underestimate  the  local  eigenvalues  due  to  the  horizontal  reaction 
effect  In  order  to  deal  with  this  problem,  we  explored  the  use  of  a  general  asymptotic 
Hankel  transform  with  a  2-D  sliding  window  in  a  cylindrical  coordirmte  system.  By 
expanding  this  transform  with  reflect  to  dm  a^uthal  angle,  we  demonstrated  that  dm 
first  term  in  dm  Taylor  series  corresponds  to  the  zero-order  Hankel  transform  used  in  dm 
cylindrically  symmetric  waveguide;  the  rest  of  dm  terms  account  for  dm  difference 
between  the  underestimated  and  actual  local  eigenvalues.  Next,  we  aiudyzed  the  effect  trf 
horiztmtal  refiraction  by  evaluating  the  general  Hankel  transform  with  the  use  of  dm 
stationary  phase  method.  Based  on  this  analysis,  it  was  shown  that  we  can  determine  dm 
horizontal  refiaedem  angle  and  correct  for  the  undnestimated  value  of  the  local 
eigenvalues  by  using  the  refraction  angle. 


In  ofdc:  to  le-examine  analytically  the  effect  oi  horizontal  refraction,  we  also  derived 
an  alternative  representation  for  the  2-D  Fourier  transform  by  using  the  phase  difference 
between  the  outputs  of  die  mode  filter,  which  was  ^iplied  to  the  fnessure  field  in  the 
different  azimudul  directions.  By  comparing  the  resulting  transform  widi  the  zeroorder 
asymptotic  Hankel  transform,  we  demonstrated  diat  die  underestimated  amount  for  die 
local  eigenvalues  in  die  latter  transform  can  be  determined  by  using  the  phase  difference 
in  mode  filtering. 

At  die  end  C3iapter  4  we  examined  numerically  the  horizontal  refraction  effect  by 
^iplying  tire  method  discussed  in  diat  chspter  to  the  pressure  field  simulated  using  the 
horizontal  ray  method.  It  was  shown  that  we  can  determine  the  horizontal  refraction 
angle  by  using  the  general  Hankel  transform,  as  long  as  the  pressure  field  is  sampled  in 
die  arimuthal  direction  so  as  to  satisfy  the  spatial  Nyquist  criterion.  This  issue  was  also 
discussed  in  connection  with  the  design  of  experiments  for  measuring  {nessure  fields  in  a 
3*D  varying,  shallow  water  environment 

In  duster  5.  we  discussed  a  method  tea:  determining  the  range>dependent  properties 
of  the  sediment  bottom  from  the  local  eigenvalues.  First  by  utilizing  a  linear 
perturbation  method,  we  derived  the  analytical  relationship  between  the  range  variation  of 
the  local  eigenvalues  and  the  spatial  change  in  the  bottom  properties  in  a  horizontally  and 
vertically  varying,  multilayered  bottom  model.  This  relaticm  was  checked  analytically  by 
using  the  range-dependent  Pbkeris  waveguide,  for  which  the  identical  relation  can  be 
obtairred  by  differentiating  the  characteristic  equation.  Next  by  representing  the  sound 
tpeed  in  each  layo’  by  an  n^linear  curve,  we  showed  that  the  integral  in  tire  perturbation 
relation  can  be  executed  in  closed  form.  As  a  result  we  saw  that  tire  range  variation  of 
tire  local  eigenvalues  can  be  separated  into  terms  that  depend  <xi  the  range  variatkms  of 
tire  sedirrrent  interface  (fepth,  the  sound  speed  and  gradient  in  each  sediment  layer,  and  the 
sound  qreed  profile  in  the  water  column.  Finally,  based  on  this  perturbation  relation 
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between  tbc  local  eigenvalues  and  the  geoacoustic  parameters,  we  demonstrated  dun  we 
can  inven  for  die  geoacousdc  parameters  at  successive  ranges. 

bi  Older  to  check  numericaUy  the  methods  derived  in  diis  chiqpter,  we  ^iplied  them 
to  the  shallow  water  model  used  in  Qi^iter  4.  As  a  result,  we  showed  that  we  can 
accurate^  estimate  die  unknown  range-dependent  geoacousdc  parameters  in  this  model 
as  long  as  die  local  eigenvalues  are  {ntcisely  provided.  Whra  the  number  of  local  modes 
is  less  than  the  number  unknown  geoacousdc  parameters,  we  can  employ  the  singular 
value  decomposition  (S  VD)  method  and  observe  that  the  premier  chmee  of  modes  can 
reduce  die  error  in  the  esdmadon  of  the  parameters. 

In  Quqpter  6  we  analyzed  some  experimental  data  by  utilizing  the  asymptotic  Hankel 
transfonn  with  a  sliding  window  and  mode  filtering.  In  the  Nantucket  Sound  experimen¬ 
tal  data,  we  found  that  the  range  variadtm  of  modes  is  dominated  by  the  lateral  variadem 
of  the  geoacousdc  parameters  rather  than  by  the  bathymetric  change.  In  die  Hudson 
Canyon  experimental  data,  we  observed  that  the  two  lowest  modes  can  be  separated  very 
well  by  mode  filtering.  We  found  that  the  range  variadtm  of  modes  altmg  the  track 
parallel  to  the  shelf  in  the  Hudson  Canyon  area  is  small  compared  to  the  Nantucket  Sound 
result 

7.1  Suggestions  for  fdture  work 

In  this  diesis,  we  examined  the  effect  of  range  variadtm  of  the  sediment  bottom  on 
the  local  eigenvalues  in  a  fiamework  for  which  adiabadc  mode  theory  holds.  If,  however, 
die  sediment  prtqmrdes  have  strong  variadons  in  die  horizontal  direedtm,  then  we  have  to 
take  into  account  the  effect  of  mode  coupling.  To  do  this,  we  would  first  have  to  sunulate 
pressure  fields  which  acctmimodate  mode  coupling  in  the  prt^agadon  process.  An 
analydcal  study  of  the  Hankel  transfenm  of  this  field  would  also  be  required  in  order  to 
understand  the  output  of  this  transform. 
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In  the  inversicm  method  discussed  in  this  thesis,  we  assumed  range  independence  for 
die  attenuation  coefficient  in  each  sediment  layer.  In  order  to  acquire  die  local  character 
of  the  attenuadtm  coefficient  with  respect  to  range,  we  would  have  to  measure  the 
amplitude  of  the  local  spectrum.  Also  we  would  need  to  develop  the  dieotetical 
itladonship  between  die  range  variations  the  spectral  amplitude  and  the  attenuation 
ooeffident 

The  botunn  model  used  here  to  relate  the  range  vaiiadoos  of  die  local  modes  and  die 
sediment  properties  is  based  on  the  assumption  of  a  fluid  medium.  In  general,  we  need  to 
include  geoacoustic  parameters  associated  with  shear  waves  as  well.  Also,  attentitm  has 
to  be  paid  to  the  effect  of  conversion  between  the  shear  and  compressicmal  waves  due  to 
the  range  variation. 

If  we  use  a  broadband  signal  as  the  source,  then  we  can  make  use  of  group  velocity 
dispersitm  curves  as  tools  for  estimating  die  geoacoustic  properties.  In  a  range-dependent 
shallow  water  environment,  the  modal  group  velocity  becomes  a  fimctitm  of  range  and 
could  be  measured  for  individual  modes  by  flying  mode  flltering  to  data  obtained  on  a 
fixed  vertical  array  of  receivers  from  a  source  whose  position  is  changing  with  range. 

By  taking  into  account  the  effects  stated  above,  we  could  deal  with  more  general 
problems  associated  with  the  horizontal  and  vertical  variation  of  the  sediment  bottom. 
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Appendix  A 


In  this  m^pendix,  we  prove  Eq.(S-lS).  whkh  was  used  when  deriving  the  potuibation 
of  die  local  eigenvalues  in  Chiqpter  S.2. 

Let  os  consider  Eq.(S-5),  evaluated  at  sli^tly  separated  positions  on  die  sediment 
interface*  (r*A(r))  and  (rfrir,/t(rfrir)): 

(A-1) 

and 

.  (A-2) 


Subtracting  Eq.(A‘l)  frcmi  Eq.(A-2).  dividing  both  sides  by  d/  (s  {(dr)^  -f  [Mf  -f  dr) 
“  and  taking  the  limit  as  d/  0  yields 


lim 

^-•0 


M.(rfdr,  z)|^/nA-)-«  -  u,{r,zirkffHi 
d/ 


(A-3) 


Eq.(A-3)  is  thus  expressed  using  the  derivative  tangential  to  the  sediment  interface,  as 

ol 


Ai.[  _  du, 

dl  di 


(A^) 


Here  can  be  replaced  with  4-  ~  ■  f  .  V(r)-^  1,  so  that  Eq.(A-4)  becomes 

Jl  +  h^ir)Kdr  '  dz)  ^ 


laA/rHO 


(A-5) 


where  -yjl+h^if)  has  been  dropped  because  it  takes  on  the  same  value  on  bodi  sides. 
Rearranging  Eq.(A-5)  leads  to 

^1  -%|  =-f^|  -%|  ]*;(r)  .  (A^) 


At  this  point,  use  of  the  relation  in  Eq.(5-5)  on  die  right-hand  side  of  Eq.(A-6)  results  in 


^1  ^uA  /l 


(A-?) 


du  dhi 

Multiplying  both  sides  of  Eq.(A-7)  by  Jr  and  utilizing  Au,  »  -rf- Ar  and  Ahj  - 

dr  dr 

we  can  finally  obtain  Eq.(5'15): 


(A-8) 
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Appendix  B 


b  this  appendix  we  will  apply  die  siniulated  annealing  method  to  the  Nantucket 
Sound  ejqierimental  data  in  order  to  estimate  the  local  eigenvalues,  which  will  then  be 
compared  widi  die  local  eigenvalues  estimated  by  using  the  asymptotic  Hankel  transform 
with  a  short  sliding  window  as  well  as  mode  filtering  in  Chapter  6.1. 

As  introduced  in  Chapter  1,  die  simulated  annealing  algorithm  is  one  of  the  iteradcm 
ci  forward  models  methods  for  estimating  the  unknown  parameters  of  interest  In  this 
algorithm,  we  iteratively  change  die  values  of  diese  parameters  until  the  energy  function 
£  takes  a  value  close  to  its  global  minimum;  die  energy  function  measures  the  difference 
between  the  observed  and  simulated  data  and  may  take  different  forms  depending  on  die 
type  of  data  [39].  At  each  iterative  step,  we  calculate  the  change  in  the  energy  AE  in 
accordance  with  the  changes  in  the  values  of  the  parameters  and  accept  these  values 
always  if  d£  <  0;  if,  however,  d£  ^  0,  we  may  then  accept  diem  with  the  ptobabili^ 

S  s  exp(,’~AE/T).  Owing  to  this  process,  we  can  avoid  being  trapped  in  the  local 
minimums  of  £.  Hoe  T  is  called  the  temperature  and  plays  the  role  of  a  parameter 
controlling  the  probabiliQr  function.  Namely,  we  decrease  T  gradually  at  each  iteration  of 
die  calculation  so  as  to  reach  the  global  minimum  of  E. 

Since  the  energy  function  £  has  to  be  calculated  many  times  in  this  algorithm,  we 

need  an  efficient  means  for  computing  the  simulated  field.  Here  we  can  set  die  local 
eigenvalues  at  selected  ranges  (1  ^  y  ^  /)  as  unknown  parameters  to  be  estimated. 

Then,  after  interpolating  the  local  eigenvalues  between  these  selected  ranges  with  the  use 
of  x.Cry),  we  may  simulate  the  pressure  field  p,(r)  based  cm  adiabatic  mode  theory 

(Eq.(2-12)).  If  we  also  treat  the  local  eigenfunctions  in  the  amplitude  as  unknown 
parameters  in  the  manner  described  above,  then  they  can  be  estimated  as  well  by  using 
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iSbc  annealing  mcAod;  here  we  treat  them  to  be  range-independent  in  order  to  save 
computation  time. 

By  using  the  measured  field  p(r)  and  the  simulated  field  p,(r).  we  here  define  dw 
energy  functicm  as 


where  p(r)  and  p,{r)  are  normalized  pressures  as 


P(r)* 


P(r) 


P.ir)m 


(B-2) 


(B-3) 


Now  let  us  apply  the  simulated  annealing  method  to  the  Nantucket  Sound  experi¬ 
mental  data  and  estimate  the  local  eigenvalues.  We  use  die  pressure  data  which  was 
measured  by  die  midcolumn  receiver  ( z,  =  7.1).  By  referring  to  the  result  in  Hgure  6-3, 
a  set  of  ranges  r^ij  s  1,...,/)  and  initial  values  of  K;(r^)  are  selected  as  shown  in  Table 

B-l(a).  In  order  to  keep  the  parameter  values  within  the  interval  shown  in  Table  B-l(b), 
we  may  use  die  effective  method  described  in  Ref.  40.  As  for  a  cooling  schedule,  it  is 
generally  desirable  to  start  widi  a  high  temperature  and  cool  very  slowly,  but  this  requires 
a  large  amount  of  computation  time.  If  we,  however,  use  too  low  an  initial  tempoature 
or  a  fast  cooling  rate,  then  we  run  die  risk  of  being  trapped  in  cme  of  the  local  minima,  hi 
die  process  of  decreasing  the  temperature,  in  general,  the  energy  function  falls  off 
suddenly  at  some  temperature  ( 7. ) .  Therefore  if  7^  is  known,  we  may  start  with  the 
temperature  slighdy  higher  than  7,  with  a  very  slow  rate.  Thus,  we  first  find  the 
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lempentture  with  a  relatively  fast  cooling  rate;  and  then  we  reset  the  initial 
temperature  and  iterate  the  process  with  a  relatively  slow  cooling  rate. 

(1)  Rgure  B-1  shows  die  result  for  the  energy  fiinctitm  E  in  terms  of  the  temperature  T 
when  decreasing  the  tmnperature  as  Ts  0.1x(0.99)'  (/dteration  number,  see  Hgure 
B-2).  From  Hgure  B>1,  we  can  observe  that  7^  exists  between  0.02  and  0.03. 

(2)  Based  on  the  result  obtained  in  (1).  we  s^  the  initial  temperature  to  be  0.03  and  die 
cooling  schedule  as  Ts  0.03  -0.00001  x/  (/dteradon  number). 

As  a  result  of  the  cooling  schedule  in  item  (2).  we  obtain  Hgures  B-3  dirough  B-S.  In 
Hgure  B-3,  we  again  observe  that  exists  between  T^.03  (/^)  and  0.02  (/^lOOO). 

This  figure  shows  that  the  energy  function  does  not  get  close  to  zero,  which  is  due  to  the 
approximation  in  representing  the  local  eigenvalues  with  the  use  of  segmented  strai^t 

lines  and  also  due  to  the  fixed  modal  and  attenuation  (Table  B-l(c)).  Hgure  B-4  shows 
the  ctmvergence  of  the  parameters  K,(rj)  (J  s  1,...,/)  with  iteration  number.  Since  die 

SNR  for  die  second  mode  is  lower  than  the  SNR  for  the  first  mo^  as  seen  firom  Hgure  6- 
1>  shows  slower  convergence  than  iTjCr^).  Also,  as  seen  from  the  comjxurison  of 

parameters  with  lower/  and  higher/,  the  latto'  has  slower  convergence.  This  is  due  to  the 
fact  that  the  variation  in  the  parameters  with  higher/  changes  the  simulated  pressure  field 
cmly  for  ranges  close  to  the  maximum  range.  For  example,  the  variation  of  K,(rj)  affects 
the  pressure  field  only  in  the  range  whereas  the  variation  of  ic.Cri)  affects 

the  pressure  field  in  the  entire  range.  Hnally,  in  Hgure  B-S,  the  local  eigenvalues 
estimated  by  using  the  simulated  annealing  method  are  ccmipared  to  those  obtained  by 
using  the  Hankel  transform  with  a  short  sliding  window.  This  figure  reveals  diat  both 
results  agree  with  each  other  fairly  well  The  disagreement  in  the  second  mode  for  ranges 
greato'  than  ICXXhn  is  due  to  slower  convergent^  described  above. 
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Table  B- 1  (a)  The  lelected  ranfcs  and  initial  values  for  Ac  parameter*  r,(rp . 

(b)  The  iqiper  and  lower  limits  of  ir.(r^ ). 

(c)  The  relative  amplitudes  and  mode 

1  attenuatitms  used  for  the  simulation. 
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Figure  B<1;  Energy  function  versus  temperature  when  decreasing  the  temperature  as 
T  -  0. 1 X  (0.99)'  ( /  iteration  number). 


Figure  B-2:  Temperature  in  terms  of  iteration  number  when  decreasing  the 
temperature  as  T  -0.1  x(0.99)'  ( /'iteration  number). 
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Figure  B-3:  Energy  funclion  in  terms  of  iteration  number  when  decreasing  the  temperature  as 
r  -  0.03  -0. 00001 X  /  ( /  :iteration  number). 
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Figure  B-4:  Convergence  of  the  parameters  when  decreasing  the  temperature  as 
T  -  0.03  -0.00001  X  /  ( /  iteration  number). 
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Figure  B-S:  Estimated  local  eigenvalues  obtained  by  using  the  simulated  annealing  method  with  a  cooling  schedule 
T  »  0.03  -0. 00001 X  /  ( /iteration  number).  These  eigenvalues  are  compared  with  those  obtained  in  Chapter  6. 1  by 
using  the  zero-order  asymptotic  Hankel  transform  with  a  sliding  window  together  with  mode  filtering. 
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ThrouglKMit  this  thesis,  die  ocean  and  seabed  environment  is  assumed  to  vary 
gradually  in  the  horizcmtal  directitm,  so  that  we  may  utilize  adiabatic  mode  theory.  In 
diis  appendix,  we  will  check  that  the  range  variation  in  the  Nantucket  Sound  case  satisfies 
die  above  assumption. 

As  demcmstrated  by  Milder  [59],  the  criteria  for  adiabatic  mode  theory  is  given  by 

(w*/i±l)  .  (C-1) 

where  is  the  coupling  coefficient  defined  by 

.  (C-2) 

wo  p  tfr 

In  order  to  evaluate  the  right-hand  side  in  Eq.(C>2)  numerically,  let  us  use  the  approx¬ 
imation  dujdr  » [M,(r + dr, z)  -  tt,(r,z)]/dr,  which  yields 

iJw--J-r-M,(r.r)u.(r+dr.z)dz  .  (C-3) 

dT''®  p 

where  the  orthoncxmality  condition  in  Eq.(2-9)  has  been  used  and  ^*40  m. 

Hgure  C-1  shows  the  values  of  the  left  hand  side  in  Eq.(C-l)  for  the  bottom  model 
(Hgure  6-4)  inferred  firemi  the  Nantucket  Sound  experimental  data.  Frcmi  the  result  in 
Figure  C-1,  it  can  be  seen  that  the  adiabatic  criterion,  Eq.(C-l),  is  satisfied  for  this  bottom 
model. 
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induced  by  the  latter  factor,  mode  filtering  is  utilized  by  incorporating  data  from  a  nxed  vertical  array  of  receivers. 

The  use  of  the  above  zero-order  Hankel  transform  in  a  diTM-dimensit^lly  varying  waveguide  results  in  an  underestimate  of  the 
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is  used  to  ctmect  for  die  underestimated  amount  By  expanding  the  Uuter  transform  with  respect  to  the  azimuthal  angle,  it  can  also 
be  showm  that  die  first  term  in  die  Taylor  series  cotresp^s  to  the  former  transform;  die  rest  of  the  terms  account  for  ^  value 
difference  between  die  underestimated  and  actual  local  eigenvalues. 

In  mder  to  obtain  die  spatial  variation  of  die  sediment  pn^rties  from  the  range-dependent  variation  of  the  extracted  local 
eigenvalues,  die  analytical  relationship  between  diese  two  variations  is  derived  by  using  a  perturbation  mediod  in  a  horizontally 
varying,  multi-layered  bottom  rnodel.  Upon  use  of  the  nMinear  profile  in  each  layer,  die  relationship  can  be  obtained  in  closed 
f(»m.  As  a  result,  die  rm$e  vwation  of  die  local  eigenvalues  may  be  separated  into  terms  that  depend  on  each  geoacoustic 
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The  methods  developed  in  this  thesis  are  applied  to  simulated  pressure  field  data  as  well  as  experimental  field  data.  It  is  shown 
that  the  evolution  with  range  of  the  local  modes  as  well  as  the  range-dependent  geoacoustic  properties  can  be  successfully 
estimated. 
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